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ADIABATIC LIMITS AND SPECTRAL SEQUENCES FOR 
RIEMANNIAN FOLIATIONS 

JESUS A. ALVAREZ LOPEZ AND YURI A. KORDYUKOV 



Abstract. For general Riemannian foliations, spectral asymptotics of the 
Laplacian is studied when the metric on the ambient manifold is blown up 
in directions normal to the leaves (adiabatic limit). The number of "small" 
eigenvalues is given in terms of the differentiable spectral sequence of the foli- 
ation. The asymptotics of the corresponding eigenforms also leads to a Hodge 
theoretic description of this spectral sequence. This is an extension of results 
of Mazzeo-Melrose and R. Forman. 
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1. Introduction and main results 

Let J^ he a, C°° foliation on a closed Riemannian manifold (ill, g) , and let T^ C 
TM denote the subbundle of vectors tangent to the leaves. Then the metric g can 
be written as an orthogonal sum, g — g± ® gp, with respect to the decomposition 
TM = TT^ TT\ i.e., g±,gF are the restrictions of g to TT^^TT, respectively. 
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2 J. A. ALVAREZ LOPEZ AND Y.A. KORDYUKOV 

By introducing a parameter ft > 0, we can define a family of metrics 

9h^h-^g^®gF ■ (1-1) 

The "limit" of the Riemannian manifolds {M,gh) as /i | is what is known as 
adiabatic limit. Observe that, in a foliation chart, the plaques get further from 
each other as ft J, 0. This form of the adiabatic limit was introduced by E. Witten 
in IQ for Riemannian bundles over the circle. Witten investigated the limit of the 
eta invariant of the Dirac operator. This question was also considered in g|, [|o) 
and Q, and extended to general Riemannian bundles in Q and p4[ . 

New properties of adiabatic limits were discovered by Mazzeo and Melrose for 
the case of Riemannian bundles, relating them to the Leray spectral sequence [ p5[ . 
This work was used in p4| , and further developed by R. Forman in pq | , where the 
very general setting of any pair of complementary distributions is considered. Nev- 
ertheless the most interesting results of llfl] are only proved for foliations satisfying 
very restrictive conditions. The ideas from p^ and p6| were also applied to the 
Rumin's complex by Z. Ge (l7), |I|l. 

For a general C°° foliation T on M, the role of (the differentiable version of) the 
Leray spectral sequence is played by the so called differentiable spectral sequence 
{Ek,dk), which converges to the de Rham cohomology of M. The definition of 
{Ek, dk) is given by filtering the de Rham complex (fJ, d) of M as in the bundle case: 
A differential form uj of degree r is said to be of filtration > /c if it vanishes whenever 
r — fc + 1 of the vectors are tangent to the leaves; that is, roughly speaking, if lu is 
of degree > k transversely to the leaves. Moreover the C°° topology of fl induces 
a topological vector space structure on each term Ek such that dk is continuous. 
A subtle problem here is that Ek may not be Hausdorff [^. So it makes sense to 
consider the subcomplex given by the closure of the trivial subspace, 0^ C Ek, as 
well as the quotient complex Ek — Ek/Ok, whose differential operator will be also 
denoted by dk- 

The differentiable spectral sequence is known to satisfy certain good proper- 
ties for the so called Riemannian foliations, which are the foliations with "rigid 
transverse dynamics"; i.e., foliations with isometric holonomy for some Riemannian 
metric on smooth transversals. A characteristic property of Riemannian foliations 
is the existence of a so called bundle-like metric on the ambient manifold, which 
means that the foliation is locally defined by Riemannian submersions 



28|. For such foliations, each term Ek is Hausdorff of finite dimension if fc > 2, 
and H(Oi) = Q, [||. So Ek = Ek for fc > 2. Moreover it was recently proved by 
X. Masa and the first author that, for fc > 2, the terms Ek are homotopy invariants 
of Riemannian foliations B — this generalizes previous work showing the topological 
invariance of the so called basic cohomology 123] — . 

Besides the requirement that J^ has to be a Riemannian foliation, the mentioned 
restrictive hypothesis of R. Forman in ||l6[ is that the positive spectrum of the 
"leafwise Laplacian" on fl must be bounded away from zeroQ. Both conditions 
together are so strong that the only examples we know are Riemannian foliations 
with compact leaves; i.e., Seifert bundles. The purpose of our paper is to generalize 
Forman's work to arbitrary Riemannian foliations. To state our first main result, 
let Agi^ denote the Laplacian defined by gh on differential forms, and let 

0< AS(ft) < A5;(ft) < A^(ft) < ••• 



^The leafwise Laplacian is what will be denoted by Aq in this paper. 
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denote its spectrum on Q'' , taking multiplicities into account. It is well known 
that the eigenvalues of the Laplacian on differential forms vary continuously under 
continuous perturbations of the metric |l^ , and thus the "branches" of eigenvalues 
A[(/i) depend continuously on ft, > 0. In this paper, we shall only consider the 
"branches" A[(/i) that are convergent to zero as /i J, 0; roughly speaking, the "small" 
eigenvalues. The asymptotics as /i | of these metric invariants is related to the 
differential invariant £{ and the homotopy invariants E^,, fc > 2, as follows. 

Theorem A. With the above notation, for Riemannian foliations on closed Rie- 
mannian manifolds we have 

dimi^[ = tt {z I A[(/i)eO(ft2) as h i 0} , (1.2) 

dimEl^fi {i \ X'i{h)eO{h^'') as hiO}, k>2. (1.3) 

As a part of the proof of Theorem |^ and also because of its own interest, we 
shall also study the asymptotics of eigenforms of Ag^ corresponding to "small" 
eigenvalues. This study was begun in [ p5[ for the case of Riemannian bundles, and 
continued in [n6l for general complementary distributions. From both p5[ and p6[ , 
certain rescaling Oh of differential forms, depending on /i > 0, is crucial to study 
this asymptotics. 

The following well known technicality will be useful to explain 0^. The decom- 
position TM = TT^ TT induces a bigrading 

(U V \ 

/\TT^* ® /\TT*\ ■ (1.4) 

/ 

roughly speaking, here u denotes transverse degree and v tangential degree. Then 



the bigrading of fi is defined by considering C°° sections of (L4); i.e., each fi"'" 
is the space of C°° sections of A" TT^* ^ /\" TT*. Then the de Rham derivative 
and coderivative decompose as sum of bihomogeneous components, 

d = do,i +di^o + ^2,-1 , (5 = ^0,-1 +(5-1,0 + (5-2,1 , (1-5) 

where the double subindex denotes the corresponding bidegree (see e.g. H); observe 
that d*j ~ S-i^-j. 

Now define 8ft,aj — h'^oj if w S /\ TM* is of transverse degree u. As pointed out in 
|25[ and |l6J, such a 6^ is an isometry of Riemannian vector bundles (/\ TM*, g^j —> 
(/\ TM*, g), where g, gu also denote the metrics induced by g, gt on /\ TM* . So we 
get an isomorphism, also denoted by Qh, between the corresponding Hilbert spaces 
of L^ sections because the volume elements induced by the metrics gh are multiples 
of each other. Thus our setting is moved via Q^ to the fixed Hilbert space of square 
integrable differential forms on M with the inner product induced by g; this Hilbert 
space is denoted by $7 in this paper. Concretely, we have the "rescaled derivative" 
dh — QhdQ^^, whose g-adjoint is the "rescaled coderivative" 6h = ^hSg^Q^^- It is 
easy to verify that 



-^0,1 



hdi^a + h^d2,^i (1.6) 
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directly from (1.5) and the definition of Qh- Thus^ 

(^/^ = (50,-1 + /i(5_i,o + /i^(5_2,i ■ (1-7) 

The "rescaled Laplacian" 

A,, = ehAg^Q-^ = dhSh + 5hdh 

is eUiptic and essentially self-adjoint in Jl. Moreover A^, has the same spectrum 
as Ag^, and eigenspaces of Ag^ are transformed into eigenspaces of Ah by Qh- 
We shall prove that eigenspaces of Ah corresponding to "small" eigenvalues are 
convergent as /i | when the metric g is bundle-like, and the limit is given by a 
nested sequence of bigraded subspaces, 

The definition of TCi,Tl.2 was already given in pj as a Hodge theoretic approach 
to {Ei,di) and {E2,d2), which is based on our study of leafwise heat flow. The 
other spaces Hk are defined in this paper as an extension of this Hodge theoretic 
approach to the whole spectral sequence {Ek,dk) (see Sections 2.2 and 5.1 for the 
precise definition of Tik)- In particular, 

Hi = Ei, Hk^Ek, fc-2,3,... ,oo, (1.8) 

as bigraded topological vector spaces. Thus this sequence stabilizes^ because the 
differentiable spectral sequence is convergent in a finite number of steps. The 
convergence of eigenforms corresponding to "small" eigenvalues is precisely stated 
in the following result, where L^Hi denotes the closure of Hi in Jl. 

Theorem B. For any Riemannian foliation on a closed manifold with a bundle- 
like metric, let uji he a sequence in fJ'' such that \\LOi\\ — 1 and 

{Ah^Lu,,Lu,)e a (^hf "'''>) (1.9) 

for some fc = 1, 2, 3, . . . and some sequence hi J, 0. Then some subsequence of the 
uji is strongly convergent, and its limit is in L^T-L\ for k = 1, and in TiJ. for fc > 2. 

To simplify notation let m\ = dim E^ , and let m'^ = dim E^ for each k — 
2,3, . . . ,oo. Thus Theorem g establishes A^(/i) G O (/i^^) for i < ml, yielding 
X\[h) = for i large enough. For every h > Q, consider the nested sequence of 
graded subspaces 

n D ni{h) D n2{h) D n^ih) d • • • d Hoo(/i) , 

where Ti-Kh) is the space generated by the eigenforms of Ah corresponding to 
eigenvalues A[(/i) with i < m^; in particular, we have TLk{h) = Ti-ooih) = ker A^ 
for k large enough. Set also Hk{0) — 'Hk- We have diu\l-i1{h) = m^ for all /i > 0, 
so the following result is a sharpening of Theorem |A| . 

Corollary C. For any Riemannian foliation on a closed manifold with a bundle- 
like metric and fc = 2,3,... ,oo, the assignment h i— > TiKh) defines a continuous 
map from [0, oo) to the space of finite dimensional linear subspaces of fl^ for all 
r >0. If dim El < oo, then this also holds for fc = 1. 

^Another way to check (DJ) is by proving directly that 
■^We mean Hk = Woo for k large enough. 
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In Corollary y, the continuity of hi-^ '^kW for /i > is a particular case of the 

general property that eigenspaces of the Laplacian on closed Riemannian manifolds 

vary continuously as subspaces of ft when the metric is perturbed C'^-continuously 

11 1, 0. On the other hand, the continuity oi h i-^ ^fc(^) at /i = is a direct 



consequence of Theorem I 

With an analogous aim, other nested sequences of bigraded subspaces were intro- 
duced by Mazzeo-Melrose in ||2|] and by R. Forman in Q, which are respectively 
denoted by 

r^ D [)i D ()2 D [}3 D • • • D f)oo , rj D i5i D i52 D i^a D • • • D i5oo 
in this paper. These sequences are defined in the following way. According to 



the expressions ( p_.q ) and (1.7), we can consider dh and Sh as polynomials on the 
variable h whose coefficients are the differential operators dij and 5ij. Thus d^ 
and 6h canonically become operators on the polynomial algebra fl[h], and Ah as 
well. Then each t}^ is the space of differential forms lu d Q with some extension 
Ci!{h) € Q[h] satisfying 

Ah^ih) e h''n[h] , (1.10) 

where extension means <I'(0) — lu. And each ^k is the space of differential forms 
uj (z fl with some extension Lu(h) e fl[h] satisfying 

dhOj{h) e h''n[h] , ShCd{h) e h''n[h] . (i.ii) 

The sequence Tik also fits in this kind of description as follows (this is a direct 



consequence of Theorem 5.1): Each Tik is the space of differential forms lu € fl 
having sequences of extensions ujI (h) , ojf {h) G 0[/i] satisfying 

dhC^lih) + h''n[h] — >0 , (5,1(1;^ (/i) + h''n[h] — >0 (1.12) 



in n[h]/h''n[h] as i ^ oo. From 1^, ([TJ), ( |l.ll[) and ( p^ ) it easily follows that 



9]k C [)k C ^[k/2] ■ (1-13) 

^i^Hi, fjkCHk, k>2. (1.14) 

For the case of Riemannian bundles, Mazzeo and Melrose prove in p3 that the 
sequence f}^ stabihzes, and t)oo is the hmit of the spaces ker A^j as /i J, 0. And 
for foliations under the restrictive hypothesis of mm, R. Forman proves that the 
sequence ijfc is a Hodge theoretic version of the spectral sequence {Ek,dk), and 
describes the limit of the eigenspaces of Ah corresponding to "small" eigenvalues. 
This improves the results of Mazzeo-Melrose by (1.13). But Forman's sequence Sjk 



does not have the same important properties for general Riemannian foliations and 
bundle-like metrics, as follows from the following result, where the notation 'Hk{g) 
and Sjkig) is used to emphasize the dependence of Hk and Sjk on the metric g — of 
course, each Ti-kig) is independent of g up to isomorphism by (1 



Theorem D. Let J- be a Riemannian foliation of dimension p on a closed manifold 
M. We have: 

(i) There is a bundle-like metric g on M such that ^2^{g) = Ti.2^\g). 
(ii) If Oi'^ ^ 0, then there is a bundle-like metric g' on M such that ^2^{g') = 0. 

The condition Q{^ ^ holds for Kronecker's flows on T^ whose slope is a Liou- 
ville's number M , pG] . This was generalized to linear foliations on tori of arbitrary 
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dimension in ||]. Moreover iJj'^ — K in these examples ||2J|, |2|. Therefore The- 
orem y implies that, in these examples, the dimension of S)2^{g) changes when 
appropriately varying the metric g. Thus ^2^{g) ^ £'2'^ for appropriate choices 
of g; that is, ||l^. Corollary 4.4] is not completely right with that generality — the 
possibility that Ei may not be Hausdorff is not considered in that paper — . So 
far it is rather unknown which topological or geometric conditions imply Oi 7^ 
for general Riemannian foliations, but the above examples suggest that this may 
happen "generically" . 

A simple argument shows that SjI, — HI. if ft. 1-^ ^I-C*) is a C°° map: In this 
case, any ui G TCI. ^^^ an extension depending smoothly on h > 0, whose Taylor 
polynomial of degree k at zero is easily seen to satisfy ( |l . ll[ ) , yielding uj € Sj^.. 
Therefore, since both Tik and Sjk obviously stabilize at fc = 2 for flows on surfaces. 
Theorem ^ shows that the map h k^ TC^{h) is not C°° at h — for Kronecker's 
flows on T^ whose slope is a Liouville's number and appropriate bundle-like metrics. 
So [gs]. Corollary 18] and |1^, Corollary 5.22] have no direct generalizations to 
arbitrary Riemannian foliations and bundle-like metrics. 

Nevertheless, the arguments of R. Forman in [|l6| are right when Oi = 0. In 
particular. Sections 2 — 4 in [ [l6[ s how t hat, in this case, Sjk — Ek as bigraded vector 



spacesQ. Therefore, by (1^) and ( 1.14 ), Forman's arguments prove the following. 



Theorem E. Let J- he a Riemannian foliation on a closed manifold M . If Oi = 0, 
then S^k{g) = Tikig) for every fc > 1 and any bundle-like metric g on M . 

Theorem |2"(ii) is a partial reciprocal of Theorem ^, and we could conjecture 
that its statement holds for any bidegree, but we do not pursue such a result in 
this paper. A similar question can be raised about Theorem 0-(i). 

The following are the main ideas of the proofs in this paper. The proof of "<" in 
(1.2) (Theorem H) has three main ingredients. The first one is a variational formula 



for the spectral distribution function of the Laplacian, which is a consequence of the 
Hodge decomposition, and was used by Gromov and Shubin in another setting |19[ . 
The second ingredient is a direct sum decomposition that holds for general spectral 
sequences — it is kind of an (only linear) Hodge decomposition — . The relation 
between this decomposition and the formula of Gromov-Shubin can be easily seen, 
and leads to the proof. But this can not be directly applied to the differentiable 
spectral sequence {Ek,dk) because of some technical difficulty (Remark 0). For 
this reason, we introduce the third ingredient: The L^ spectral sequence (Efc,dfe), 
which is another spectral sequence defined in the very same way as {Ek,dk) but 
using square integrable differential forms. This change of spectral sequence can be 
made because we show that E^ = Ek for Riemannian foliations and fc > 2. The 
proof of this isomorphism heavily depends on the Hodge theoretic approach of the 
terms Ei and £'2 that follows from our work |g[ on leafwise heat flow. 

The rest of Theorem |AJ is an easy consequence of Theorem y|, which in turn 
is proved by characterizing the terms Tik in the appropriate way to apply certain 
estimation of Ah — this estimation is similar to what was done by R. Forman in 



|16| 



Theorem y is an easy consequence of the above theorems and other known results 
about Riemannian foliations. 



^Indeed [Iq, Lemma 2.7] is a version of this isomorphism — it must be pointed out that the 
notation used in |16| is very different from ours — . 
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Finally, let us mention that a very related study is done in l23l , where the second 
author proves an asymptotical formula for the eigenvalue distribution function of 
Ag^ in adiabatic limits for Riemannian foliations. That work establishes relation- 
ships with the spectral theory of leafwise Laplacian and with the noncommutative 
spectral geometry of foliations. 



2. DiFFERENTIABLE SPECTRAL SEQUENCE 

2.1. General properties. Let (A, d) be a complex with a finite decreasing filtra- 
tion 

A = Ao^ AlD ■■■ D AqD Aq+l = 

by differential subspaces; i.e. d{Ak) C Ak for all k. Recall that the induced spectral 
sequence {Ek,dk) is defined in the following standard way p6[: 



>yU.V 


A^^-nd-'iAlXl-"') , 


K" - 


Ai+"nd{A:tr') , 


Er = 


/yU.V 

^k 


'^fe-i +^k-i 


ryU.V 


yi^+"nkerd, 


S^^' = 


y^^l+^nimd, 


E-J^ 






-1 — -^u 


+". We assume B"i" = 0, so E^ 



In particular Z^''" = Z!!'!" = Al+\ We assume B'^jI = 0, so E^''" = AI+" / AlX\. 
Also, we have B^''" — B"^ and Z^'\_^^ = Z^" since the filtration of A is of length 

q + 1. Each homomorphism dk '■ E^'^ -^ E^ '"" is canonically induced by d. 

Now let JF be a C°° foliation of codimension q on a closed manifold M, and 
(f2,d) the de Rham complex of M. The differ entiahle spectral sequence {Ek,dk) of 
T is defined by the decreasing filtration by differential subspaces 

n ^ U.0 ^ U.I ^ ■ ■ ■ ^ Vlq ^ 9.q+l = , 

where the space of r-forms of filtration degree > /c is given by 



ni = Ilo c.n'' 



ixUJ = for all X = Xi /\ ■ ■ ■ /\ Xr-k+i 
where the Xi are vector fields tangent 
to the leaves 



Moreover, the C°° topology of ft canonically induces a topology on each E/^ ' , which 
becomes a topological vector space. Then each dk is continuous on Ek = ®,„ ^ ^I' '" 
with the product topology. Thus, for each k, we have two new bigraded complexes: 
the closure of the trivial subspace Ofc C Ek and the quotient Ek — Ek/Ok- 

Assume M is endowed with a Riemannian metric, and let tTu^v '■ ^ —^ rt^'"" denote 
the induced projection defined by the bigrading of il. Define the topological vector 
spaces 

Zk =7ru.v{Zf^ ), b^^ =TT^^^{B^), e^' ^ z^ /b^ , ek = k:^e^ . 
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Observe that 



yielding 



r!fc = 0f^"'-, (2.1) 



i>k 



r7U,V ^ T r7U+l,V — l 



pU.V 



Thus the projection tt^.v induces a continuous Hncar isomorphism Ef, ^^ '^k ■ 
The operator on e^ that corresponds to dk on Ek by the above hnear isomorphisms 
will be denoted by dk as well. We also consider the closure of the trivial subspace, 
Ok C ek, and the quotient Sk — ek/ok- We are going to show that dk is continuous 
on efc for k = 0, 1, and thus dk and ik become bigraded complexes in a canonical 
way. But, for fc > 2, we do not know whether dk is continuous on e^, and whether 
dk induces differentials on dk and ik- This holds at least for Riemannian foliations 



as easily follows from Theorem 2.2-(vii) in Section 2.2. 

By comparing bihomogeneous components in the equality d^ = we get (see e.g. 

0) 

"^0 1 ~ '^2 -1 — '^o.ic'i.o + d.i_odQ I — Q , I 

} (2-2) 

di^Qd2-i + d2-idifl = d^ + ^0, 1*^2,-1 + ^2,-1(^0,1 = ■ J 

The term ^2,-1 is of order zero, and vanishes if and only if TJ-^ is completely 



integrable. Moreover from ( |2.lD we get 

Zr = «"+" , (2.3) 

Zi""' = {n'^'" n ker do,i) ® ni+i (2.5) 

as topological vector spaces. So 

^u,v ^ ^u,v ^ i^u.v ^ ^^^ (f]«,"-i) ^ ^«^- ^ {7",- n kerdo,i , (2.6) 

and the continuous linear isomorphisms E^'" —^ e]^'", induced by 7r„^^, are homeo- 
morphisms too for A; = 0, 1. Thus Oi = oi and Ei = ei as topological vector spaces, 
and oi and ei become bigraded complexes with the differential induced by di. For 
this reason, using the spaces ei, oi, ei is rather redundant; we have introduced these 
spaces to be compared with the corresponding ones for the L^ spectral sequence 
(Section 0), where this does not obviously hold. Furthermore (|2.3|)-(2.5) yield 



(eo,do) = (r!,do,i), (2.7) 

and a canonical isomorphism 

{ei,di) = {H{n,do,i),di,o*) (2.8) 

of topological complexes. Nevertheless we can not go further keeping full control of 
the topology. In fact, with this generality, we do not know whether the continuous 
linear isomorphism E^'" — > Sj''', induced by 7r„^„, is a homeomorphism, neither the 
canonical continuous linear isomorphisms E2 — > H{Ei, di) and 62 — > H{ei, di). 
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2.2. Hodge theory of the terms Ei and E2 for Riemannian foliations. 
Here, J-' is assumed to be a Riemannian foliation and the metric bundle-like. 

The de Rhani coderivative S decomposes as sum of bihomogeneous components 
Si,j — d*_^ _ , and the operators 

Do = do,i + ^0,-1 , Ao = Do = d.o^i5o-i + (5o,-idoa 
are essentially self-adjoint in ft [|l3|. But Dq and Aq are not elliptic on M — avoiding 
the trivial case where q = — . The closures of d, 6, do.ii <^o,-i) Dq and Aq in ft 
will be denoted by d, S, do,i, <5o,-i, Dq and Aq, respectively. Then we have the 
orthogonal decomposition 

n = ker Ao©clo(imdo,i)®clo(im^o,-i) , (2.9) 

where cIq denotes closure in ft. Moreover 

ker Ao = kcrDo = kerdo,i nker(5o,-i , (2-10) 

cIq (im Aq) = clo (iniDo) = cIq (imdn,i) © cIq (im5o,-i) 

Thus let n, P and Q denote the orthogonal projections of ft onto ker Aq, cIq (im do,i) 
and clo (im(5o,-i), respectively, and set 11 = id —11, P = id —P and Q — id —Q. We 
shall also use the notation W'^ft for the fcth Sobolev space completion of fl, and let 
ch denote closure in W'^n. Thus ft ^ W^ft. 

Theorem 2.1 (Alvarez-Kordyukov Q). For each /c G Z, decomposition ( ^.9| ) re- 
stricts to W'^fl; i.e., 

W'^fl^ ker(Ao in W'^il) ® cU (im doa) © dfc (im <5o,-i) 

as topological vector space. Thus ( p.gj ) also restricts to C°" differential forms; i.e., 



fl = ker Aq ® irndg,! © iin<Jo,-i 

with respect to the C°° topology, where the bar denotes C°° closure in fl. In par- 
ticular n, P and Q preserve fl. 



From (2.7), (p.8[) and Theorem 2.1, we get a canonical isomorphism ker Aq = ei 



of topological vector spaces, induced by the inclusion 

f]"'^ n ker Ao ^ f^"'"" n kerdoa = ^z^" • 
So ker Ao = Ei as topological vector spaces. As in Q, let 

Til = ker Ao = kcrZ?o = ker do, 1 H ker(5o,-i , 



Til = im Ao = iniDo = imdo.i © imJo.-i , 

' '"' "we 



and let L^Hi = clo (^i) and L^Hi = cIq f Tii j. From ( p.lOD and Theorem ^ 
get 

kerAo =kerDo = L^Hi . (2.11) 

Since Ao is bihomogeneous of bideg re e (0 ,0), the bigrading of fl restricts to a 



bigrading of Tii. Moreover, by (2/7), (2_^) and Theorem 2T, the operator di on 



ei corresponds to the map lldi^o on Tii, which will be also denoted by di. Hence 
i?"(7il'^dl) ^ H'^ief) ^ H^'iEf). Since 5i = HJ-1,0 is adjoint of di in Tii, the 
operators Di = di-\- 5i and Ai = Dj = di^i -I- 5idi on Tii are symmetric. Now, let 
7^2 = ker Ai, which inherits the bigrading from ft because Ai is bihomogeneous of 
bidegree (0,0). 
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We also define maps di and 6i on Hi as follows. First we define the following 
bigrading on Ti^i: 

Let n..„ be the projection of fl onto TC^ , and set di = 11. ,jd and di — H. „(5 on Tij^ , 
which are adjoint of each other. Consider also the symmetric operators Di = di+di 
and Ai ^ Df on Hi. 

The closures of di, Si, Di and Ai in L'^Tii, and of di, Si, Di and Ai in L^Hi, 
will be respectively denoted by di, Si, Di, Ai, di, ^i, Di and Ai. 

The following theorem collects the main results of |g|, Section 7]. 

Theorem 2.2 (Alvarez-Kordyukov Q). We have: 

(i) The operators Di and Ai are essentially self-adjoint in L^Tii, o,nd the oper- 
ators Di and Ai are essentially self-adjoint in L^Tii. 
(ii) The spectrums of Di, Ai, Di and Ai are discrete subsets of R given by 

eigenvalues of finite multiplicity. 
(iii) We have the Hodge type decompositions 

L^Hi = ker Ai e im di im ^i , 
L^'Hi = imdi © im^i , 
as Hilbert spaces with the L^ norm, and moreover 

ker Ai — ker Di = ker di n ker ^i , 
im Ai = iniDi = imdi © im^i , 

kerAi =kerDi =0 , im Ai = imDi = L^Hi . 

Furthermore the operators Ai and Ai satisfy Garding type inequalitie^. 
Thus ker Ai = 7^2, and the above decompositions restrict to C°° differen- 
tial forms; i.e., 

Til = ker Ai ® im di © im 5i , 

Hi = imdi © im^i , 

as topological vector spaces with the C°° topology, as well as with the restric- 
tion of the L^ norm topology. 
(iv) The space H2 is of finite dimension, and the inclusion H2 ^^ Hi induces 
isomorphisms 



-HY _^ //" {Hi^di) = if" {e{'') = H" i^E{" 

(v) We have df = and H (Hi,di) = 0. 
(vi) Each map TCi -^ TLi = o{ = 0{ , defined by the canonical projection 



do.i in-'--^) © ^0,-1 {n-'-)-^do,i {n-'-~^)/do,i {n-'-') 

induces an isomorphisnfj 



5 y, Corollary 7.3]. 

''The isomorphism H(Oi) = was originally shown by X. Masa |24[ , as well as property (vii), 
which is a consequence. 
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(vii) All the following bigraded topological vector spaces are Hausdorff of finite di- 
mension and isomorphic to each other by maps that are either canonical or 
induced by the projections ■nu,v'- H{ei), H{ei), 62, H{Ei), H{Ei) and £'2- 

Lemma 2.3. The following properties are satisfied: 
(i) We have 

diflP = PdiflP , difiQ = Qdi,oQ , Qdi^ = Qdi^Q , 

Pdi^o ^ Pdi,oP , <5-i,oQ - Q'^^i.oQ , 5_i,oP = P(5_i,oP , 
P5_i,o = P6-i,oP , QS-1,0 = QS-i,oQ ■ 
(ii) We have 

PdiflP = QdiflQ = QS-i.oQ = PS-i.oP = . 



Proof. The equalities involving di.o in property (i) follow from (2.2) since 



P{n) = do.i{n) , Q{n) = kerdo,i • 

The other equalities in property (i) are obtained by taking adjoints, and property (ii) 
is a direct consequence of property (i). D 



Lemma 2.4. The following properties are satisfied: 

(i) The following operators on Q define bounded operators on ft: 

ndi.oU , ndi,on , ns^i^oU , ns^i^oU , 

Qdi,oQ, Pdi,oP, PS-i,oP, Q6-i,oQ. 
(ii) The following operators on D, define bounded operators on i7 too: 

udu , ndfi , n.,^,+idn.,^, , n.,„_idn.,„ , 
II6U , usn , n.^„+i(5n.,„ , n.,„_i(5n.,„ . 

(iii) We have 

domdi = L'^Hi n domd , dom(5i = L'^Hi n dom^ , 
dom di = L'^Hi n dom d , doni ^i = L'^Hi n dom S . 

Proof. Set D± = di^o + 5-i,o. Then, by Remark 3.7 and the proof of Lemma 7.2 
in 0, the operators 

on r2 define bounded operators on ft. This easily yields property (i). Now proper- 
ties (ii) and (iii) follows from property (i) since ^2,-1 and i5_2,i are of order zero, 
and cfo.i and oo,-i vanish on Tii and preserve each "Hi . D 
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3. Li^ SPECTRAL SEQUENCE 

3.1. General properties. For a C°° foliation T on a closed manifold M, what we 
call the Li^ spectral sequence of T is also a spectral sequence (Efc,d/c) converging 
to the de Rham cohomology of M; in fact, it converges to the L^ cohomology of A/, 
but both cohomologies are canonically isomorphic since M is closed. Recall that d 
denotes the closure of d in fl. Also, let $7^ be the closure of Vtk in Jl, and consider 
the decreasing filtration of the complex (domd,d) by the differential subspaces 
rifeDdomd. We define (Efc,dfc) to be the corresponding spectral sequence. Since the 
inclusion f2 ^-> donid obviously is a homomorphism of filtered complexes, it induces 
a canonical homomorphism {Ek,dk) — > (E^;,d;j) of spectral sequences. We point 
out that, by the compactness of M, the filtered complex (domd,d) is well defined 
independently of any metric, and thus so is the L^ spectral sequence (E^, d^). 

Each E"'" is a topological vector space with the topology induced by the L^ norm 
of ri, and consider the product topology on Ei = 0^ ^ E"'". 



The notation Z/,' and B/,' of Section 2.1 will be used for the spaces involved 
in the definition of the differentiable spectral sequence of J-", and the corresponding 
spaces for the L^ spectral sequence will be denoted by Z^'"" and B^'". We have 

Br = or''nd(n:+r'ndomd) , 

z:!^^ = ni+^nkeTd, 
BJii'^ = a::+''nimd. 

As in the case of the differentiable spectral sequence, let 7r„_t, : Jl -^ Jl"'" be 
the canonical projection defined by the bigrading of CI; i.e., 7r„_t, : ft —^ il"'" is 
the continuous extension of ir^^v ■ Ct -^ fi"'". Consider also the topological vector 
spaces 

u,v /rru,v\ \^u,v /•nu.v\ u,v u.v i-iu,v /T\ u,v 

Zfc =7r„,„(Z^ ), h^ = 7r„,„ (Bj^' ) , e^ = Zj^' /b^.^ , e^^^e^ 

for /c = 0, 1, . . . ,oo, with the topology induced by the L^ norm of CI. We clearly 
have Z^'" nker ■Ku,v = Z'^_^'^~ , and thus each projection 'Ku,v induces a continuous 

linear isomorphism E^'" ^ gJ^'". Via these isomorphisms, the differential dfc on E^ 
induces a differential on e^ that will be denoted by d^ as well. We also have 

1 , . 1 1 . u,v u,v 

canonical continuous nomomorphisms e^ ^ e^, . 

In general, the L^ spectral sequence is more difficult to deal with than the differ- 
entiable spectral sequence. For example, we do not know whether the continuous 
linear isomorphism E"'^ —^ e"'^, induced by tTu.v, is a homeomorphism with this 



generality. Also, the useful expressions ( ^.3|)-( 2.8) do not hold for the L^ spectral 



sequence; indeed, for r = m + u, instead of (|2.3D-(|2.5|) we have 

Z^'"=f^;ndomd, (3.1) 

B^'"=d(n^-indomd) , (3.2) 

Z^"'^ = ((f2"'"nkerdo,i) + f^^+i)ndomd. (3.3) 

Because of this reason, it will be useful to introduce the spaces 
£•"'" = 7r„,„ {fll n dom d) C f^"^^ , r = u + v , 
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(3.4) 



which satisfy 

{V + O^+i) n domd = {{V D D''^") + n^^^) n domd , 

for any subspace V C il"'^. 

Observe that the canonical homomorphisni _Eg '" — > Eq'^ is injective with dense 
imag e be cause it is just the inclusion Zg'" ^-> Zq'^, whose image is dense by (2.3) 



and (3J). With this generality, at least injectivity holds for Ei — + Ei too, as 
asserted by the following result. 

Lemma 3.1. The canonical homomorphism Ei — > Ei is injective. 

Proof. For r = u + v we have 

Zu+l^v — l I TyUjV 
+^0 



(f2[,+i n domd) + d {ni^-^ n domd) 
{ni^^ + d {n^-^ n domd)) n domd 



by (^) and (^J) , 
since im d C dom d 



^u+i) ndomd 



Then 






B^ 



= Z, 



u-\-l,v—l 



B^ 



by (2.4), (2.3) and (2.5), and the result follows. 



(3.5) 



D 



Lemma 3.2. We have D^^"" C dom do, i. 

Proof. Take any a € Z?"'^. For r = u -\- v, there exists some /? G i^^+i such that 
a + (3 € domd. So 7r„,„d(a + (i) is defined in Jl"''". But 7ru_„d(a + /9) = do,ia 
because a + /3 G rij^ . D 



Lemma 3.3. We have 



and thus 



7r„,„ (Zi"'") = D^'- n kerdo,i , 7r„,„ (Bg"'") = doji?^ 



D"'"nkerdo.: 



' dciZ)"'''-! 

Proof. For r = u + w, we have 

7r„,„ (Z;''") = ^„,, (((fl"'" n ker do,i) + fl^l+i) n domd) 
= 7r„,, (((D"''^ n ker do, i) + fl^+i) n domd) 
= £)"'''nkerdo,i , 
7r„,„ (Bg'") = TTu^v (d (rj^^^ n domd)) , 

= t:u,v ((do,iL'"'"-i + ni+^) n domd) , 
= do iD"'"-i . D 



by (3.3) 



by (3.4) 



by(y 

by(i3 



As for the differentiable spectral sequence, let Oi C Ei and 6i C ei be the 
closures of the corresponding trivial subspaces, which are bigraded subspaces with 
bigraded quotients Ei = Ei/Oi and ei = ei/6i. Lemma [sT^ has the following 
direct consequence. 
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Corollary 3.4. We have 

_u,v _ i^"'" n cIq (do,ii^"'"-i) _ i^"-" n dp (rfo,i»"-"-i) 



do^iD"'"-! 
i:)"'^nkerdo,i 



do,i-D'''''-i 
/^"'''nkerdo.i 



^ Z)"^^ n do (do,iL'''^^-i) D"'"ndo(do4^"^"'^^) ' 

The map di, either on Ei or on ei, may not be continuous. So Oi, Ei, 61 and 
ei may not have canonical structures of bigraded complexes in general. However 
we shall show that this holds for Riemannian foliations in Section pT3. 

3.2. L^ spectral sequence of Riemannian foliations. 

Theorem 3.5. Let T be a Riemannian foliation on a closed manifold M . Then 
the canonical map Ek — > E^ is infective with dense image for k — 0, 1, and is an 
isomorphism of topological vector spaces for k > 2. In particular E/j is Hausdorff 
of finite dimension for k >2. 



The goal of this subsection is to prove Theorem 3.5. Thus, from now on, assume 
J^ is a Riemannian foliation. Since its statement is independent of any metric on 
M, we can take a bundle-like metric on M to prove it. 

In Theorem 3.5, the case /c = is obvious, and the case k = 1 follows directly 
from Lemma 3.1 and the following lemma. 

Lemma 3.6. The space Z"'" is dense in Z^'''. 

Proof. Since the orthogonal projection 

Q:^"'" — >n"'"nkerdo,i 



preserves smoothness on A/, the result follows by {2X) and (3.3). 



D 



The proof of Theorem 3^ for fc > 2 requires much more work than Lemma 3^ , 
To esta blis h this, we shall use the Hodge theoretic approach to ei and 62 from 
Section 2^, and a similar approach to ei and 62. To begin with, we show that di 
preserves 61. 

Lemma 3.7. We have di(6i) C Oi. 

Proof Take any a e D"'" n do (doa^"'""^) , and fix some /? e nl_^_l with a + (3 e 
domd, where r = u + v. We know that 7r„_|_i_t,d(a-t-/3) G £)«+!:'' by Lemma [sT^ . On 
the other hand, if do,i and di,o denote the extensions of do,i and di^ to continuous 
maps J7 — > W~^n, we have 



7r„+i,„d(a + /3) = di,oa + do,i/?i € di^o« + doan"+i'''-i 

1 
di,oa e di,o (do (do,if^"^""')) C d_i (rfo.if^"+''""') • 



where /3i = 7r„+i ,„_i/? e rj"+i'""\ and 



Hence 

TTu+i,vd{a + /3) e D''+'" n d_i (do.if^"^''""') = D"^'-" n do (doar!"+i'^-i) 
by Theorem 2.1. Therefore the result follows by Lemma 3.3 and Corollary |3.4|. D 
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Now Oi and ei canonically are bigraded complexes by Lemma 3.7, and we have 
the short exact sequence 

— >Oi — >ei — >ei — >0 , 

which induces long exact sequences 

.if" {of) -^H^ {ef) -^H^ {e{") -^H^+^ {of) ^ • • • . (3.6) 

Lemma 3.8. We have 

D^'" n kerdo,i = (i?"'" n L^Hi) ® (D"^" n cIq (do.i^!"'"-!)) 
as topological vector spaces, and moreover 

D""-" n L^Hi = L^nY n domdi . 
Proof. The inclusion "d" of the first equality is obvious, and the inclusion "d" of 



the second equality follows from Lemma 2.4-(iii) 



To prove the inclusion "c" of the first equality, by (2.9) it is enough to prove that 
\la G D"'" for all a € D"''"nkerdo,i. This obviously holds if we prove Ila G domdi 
for every such an a since the inclusion "d" of the second equality is already proved. 



This also proves the inclusion "c" of the second equality by taking a G L Hi. 

Thus take any a G Z?"'^ n kerdo,i. Then there is some (3 G ^u+i such that 
a + /? G domd, where r ^ u + v. Write /3 = /3i + /32 with /3i G J7"+^'""^ and 
P2 G ^u+2- Thus, since a G kerdo,i, we get 

f^«+i,« 9 n7r„+i,„d(a + /?) = n (di,oa + do,i/3i) = ndi,oa . 

Here we consider H and tTu+i.v as bounded operators on W^^fl. But 

Ildi^oa = ndiona + ndi^oPa 

because Qa — 0, and 

ndi.oPa = npdi.oPa G n 



by Lemma 2^-(i). Therefore ndioHa G ft, yielding Ha G domdi as desired. D 



Corollary 3.9. The inclusions L^H^'" domdi ^^ D^'^ H kerdo,i induce an iso- 
morphism 0/ (domdi, di) onto the quotient complex ei, which is also an isomor- 
phism of topological vector spaces. 



Proof. This follows from Corollary 3.4 and Lemma 3.8. D 



Corollary 3.10. Each inclusion Tij'" ^^ £)">" n kerdo.i induces an isomorphism 
H" {ef) = H2'" of topological vector spaces. In particular H{ei) is Hausdorff of 
finite dimension. 



Proof. This follows from Corollary 3.9 and Theorem |2.2|-(iii),(iv). D 



The canonical homomorphism ei —s- ei is obviously continuous. Hence it induces 
homomorphisms of complexes oi — *■ 61 and ei — > ei, and homomorphisms H{oi) — )■ 
iJ(oi) and H{ei) -^ H{^i) in cohomology. 

Corollary 3.11. The canonical map H{ei) —f H(ei) is an isomorphism of topo- 
logical vector spaces. 



Proof. This follows from Theorem 2.2-(iv) and Corollary 3.1C. D 
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We also need a Hodge theoretic study of certain complex whose cohomology is 
isomorphic to iJ(6i). To simplify notation leln 

u u 

which are subcomplexes of (donid, d). Then 

O-f =clo{B,)/B, . (3.7) 

Observe that Z„_i C By. 

Lemma 3.12. The quotient complex By/Zy^i is acyclic. Thus the quotient map 
c\o{Bv)/2y^i — > c\o{By)/Bv = 0^'" induces an isomorphism in cohomology. 



Proof. The result follows from (3.3) and (3.5) with easy arguments (see Lemma 2.5 
in ll and Lemma 7.4 in [g). D 

Set 

— U,V 

5"'" = ^u,v i^l n dom d) , r^u + v . 

We have 

clo(i3t,) n ker7r„^„ C Zy^i n ker7r„^t, . 
Hence, for each topological vector space 

~u,v _ T^u.v (clo(.B,,)) 

the projection 7t„^„ induces a continuous linear isomorphism 

clo(S;)/Z;_i ^ er , r = u + v. (3.8) 

Let di be the operator on ei = 0^^ ^ e"'^ that corresponds to the differential op- 
erator on the quotient complex c\o{Bv)/Zy-i by the above isomorphisms. Observe 
that di is given as follows: if a G clo(;Bt,), and [7r„,t,a] S e"'" denotes the class 
defined by 7r„,t,a, then di[7rtj^i,Q;] = [Tfu+i^^da]. 

The spaces £)"■" and D'^''" have similar properties. For instance, for any subspace 

— u^v 

V C fl we have 

{V + ni^2)ndomd= ((vr\D''A+ni^^ndomd, r = u + v. (3.9) 

Lemma 3.13. For r = u + v, wc have 

n^,v (doiBy)) = D""'^ nc\o{By) , 
nu,v {Zy-i) = D-+^-"-^ n Z,_i = i?«+i.--i n kerdoa , 
and thus _ 

D"'- n cio(6,) 



jju+i.v-i nkerdo,! 



Proof. This easily follows from (3.4) and (3.9). D 



The following result and Lemma 3.8 are similar, as well as their proofs 



^This notation is used in O for the C°° versions of these complexes. 
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Lemma 3.14. We have 

W'" n clo(S„) = (&''" n L^Hi^ © (£)"+i'^-i n kerdo,i) 

as topological vector spaces, and moreover 

D""'" n L^Hi = L^nY' n domdi . 

Proof. The inclusion "d" of the first equahty is obvious, and the inclusion "D" of 
the second equality follows from Lemma 2.4-(iii). 

To prove the inclusion "c" of the first equality, by (2.9) it is enough to prove that 
Ila e -D"'" for all a e Z?"'" nclo(S„). This obviously holds if we prove Xla e dom di 
for every such an a since the inclusion "d" of the second equality is already proved. 
This also proves the inclusion "C" of the second equality by taking a e L^Hi- 

Thus take any a G D"'"" n c\o{Bv)- Then there is some (3 G J^^+2 such that 
a + /3 e domd, where r = u + v. Write a = ai + a2 with ai G $7"'^' and 
a2 G $7""^^'""^. So, since a G do{By) and d/3 G kerll.^i,, where 11. ,„ is considered 
as a projection in W~^n, we get 

— u-\-l.v — , , — - 

fl 9 n.,„d(a + /3) =n.,„da . 

But 

n.,„da — n._„dn._„a + n._„dnQ;2 + n._„dn._„_iQ;2 

because a G D"'^ n c\o{By), and 

fi. „dna2 + n. vdU. v-ia2 e ^ 



by Lemma |2.4|-(ii). Therefore H.^vdll.^va G rj, yielding n.,„a G domdi as desired. 

D 

Consider the projection 

5"'^ n cio(e^) — >5"^^ n l^Hi = L^nT n domdi 



defined by Lemma 3.14 , which is obviously an orthogonal projection. 

Corollary 3.15. The inclusions L H^ domdi ^^ D"'^ H cIq[Bv) induce an 
isomorphism I domdi, di ) ^ I ei, di ) of bigraded complexes and topological vector 



spaces. 



Proof. This follows from Lemmas 3.13 and 3.14. D 



Corollary 3.16. We have H (oi) ^ 0. 



Proof. This follows from ( |3.7[ ), (3.8), Lemma 3.12, Corollary B.15 and Theorem 2.2- 
(v). D 

Corollary 3.17. The canonical map H(ei) —>■ H{ei) is an isomorphism of topo- 
logical vector spaces. In particular H{ei) is Hausdorff of finite dimension. 



Proof. The canonical map H(ei) — > H{ei) is a linear isomorphism by Corollary 3.16 



and the exactness of (Bj). Moreover it is obviously continuous. Then it is also 
an homeomorphism because H{ei) is a Hausdorff topological vector space of finite 
dimension. D 
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Corollary 3.18. The canonical map H{ei) —* H(ei) is an isomorphism of topo- 
logical vector spaces. 

Proof. By the commutativity of the diagram 

Hie,) > iJ(ei) 



H{ei) 



H{ei) 



where all maps are canonical, the result follows directly from Theorem 2.2-(vii), 
Corollaries ^.ll| and |3.17| . D 



Corollary 3.19. The canonical map E2 
vector spaces. 

Proof. Consider the compositions 



E2 is an isomorphism of topological 



E2^HiE,)^Hie,) 



E2^H(Ei)^H(ei) 



where the first map of each composition is canonical, and the second one is canon- 
ically induced by the projections tTu^v The first composition is an isomorphism of 
topological vector spaces by Theorem 2.2-(vii), and we k now that the second com- 
position is a continuous linear isomorphism (Section 3.1). Then the second compo- 
sition is a lso an homeomorphism because H{ei) is Hausdorff of finite dimension by 
Corollary [3.17| . So the result follows from Corollary 3. IS and the commutativity of 
the diagram 

E2 > H{ei) 



Eo 



Hie, 



where the horizontal arrows denote the above compositions, and the vertical arrows 
denote canonical maps. D 



Now Theorem 3.5 for fc > 2 follows from Corollary 3.1E because the canonical 
map {Ek,dk) — > (Efc,dfe) is a homomorphism of spectral sequences. 



4. L^ SPECTRAL SEQUENCE AND SMALL EIGENVALUES 

4.1. Main results. Let JF be a C°° foliation on a closed manifold M with a Rie- 
mannian metric g, and consider the family of metrics gh, h > 0, which were defined 
in (1.1) and give rise to the adiabatic limit. As in Section nl let Ag^ denote the 
Laplacian on fl defined by gh, and 

0< Aj;(/i) <Xl{h) <\l{h) <■■■ 

its spectrum on n^ , taking multiplicity into account. The following result suggests 
that, with this generality, the number of small eigenvalues of Ah may be more 
related with the L^ spectral sequence than with the differentiable one. Neverthe- 
less, so far we do not know about the relevance its hypothesis for non-Riemannian 
foliations. 
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Theorem 4.1. Let J- be a C°° foliation on a closed Riemannian manifold. If 
Z^_^'^ + Z^"" is closed in Z^'" for all u, v, with r = u + v, then 

'2k-' 



diuiW^<^{i \X\{h)cO{h^^) as hiQ] 
for all r. 



The following more understandable result is a direct consequence of Theorem 4.1 
because 



rU.V 



Zu+l,v — l I rwU,v 
l-l ' ^°° 

is a quotient of E"'" . 

Corollary 4.2. Let J- be a C°° foliation on a closed Riemannian manifold. If^k 
is Hausdorff of finite dimension, then 

dimE^<tJ {i I A[(;i) eO(/i2') ^^ h i O} , i>k. 



Remark 1. Observe that, by Theorem 3.5 , Co rollary |4.2| holds for Riemannian fo- 
liations and k — 2, and inequality "<" of (L2) in Theorem ^ follows. 



The proof of Theorem 4.1 is given in Section 4.4, and its two main ingredients are 



described in Sections |4.2| and 4.2 : the variational formula of the spectral distribution 
function used by Gromov-Shubin, and the direct sum decomposition for general 
spectral sequences. 

4.2. Spectral distribution function. For a closed Riemannian manifold {M,g), 
let TV (A) denote the spectral distribution function of the Laplacian A on fl^; i.e. 
TV" (A) is the number of eigenvalues of A on rj*" which are < A, taking multiplicity 
into account. Recall that ft denotes the Hilbert space of square integrable differen- 
tial forms with the inner product induced by g, and d the closure of the de Rham 
derivative d in Jl. Let d : dom d/ ker d ^ il denote the map induced by d, and con- 
sider the quotient Hilbert norm on il/kerd. The following variational expression 
of iV''(A) is a consequence of the Hodge decomposition of $7. 

Proposition 4.3 (Gromov-Shubin (l9|). We have 

iV'^(A) = F'-i(A) +/?'■ + i^'-(A) , 
where (3^ is the rth Betti number of M , and 

F^{X) — sup dim L , 

L 

with L ranging over the closed subspaces of dom d/ ker d satisfying 
||dC|| < %/A IICII for all C, (^ L . 
Now take again a C°° foliation T on M . Then, for each metric gh of the fam- 



ily (1.1) that gives rise to the adiabatic hmit, the spectral distribution function of 
Ag,^ will be denoted by NJ^{X), and decomposes as 

KiX)=F[-\X)+(3^ + Fj;{\), 

according to Proposition |4.3| . 

Suppose J-' is of codimension q, and let || ||^ be the no rm i nduced by g^ on 17. 
The following equality will be also used to prove Theorem 



4.1 



/i-^/^/i" \\uj\\ if w e 17"'" . (4.1) 
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This follows from two observations. First, if the metrics induced by g and g^ on 
l\TM* are also denoted by g and gt, then gh — h?^g on forms with transverse 
degree u. And second, assuming M is oriented, the volume forms ^ and jih, induced 
by g and gn, satisfy ^.h = fe~^/x since volume forms are of transverse degree q. 



By using Proposition 4.3 in the same spirit of ||19|, we could prove that the 
asymptotics of the X\{h), ash [Q, are C°° homotopy invariants of T (with respect 
to the appropriate definition of homotopy between foliations). However, for our 
purposes in this paper, it will be enough to prove that the asymptotics of the A[(/i) 
are independent of the choice of the given metric g on M . This will not be used to 



prove Theorem i.l but will play an important role to finish the proof of Theorem H 



in Section 5.2. Such independence of g is proved in the following way. Let g' be 



another metric on M with corresponding 1-parameter family of metrics g^, and let 

:responding norms on il. 
such that 

c-^M\ < M' <c\\lu\\ 

C-Ml^ll,<ll^li;. <^ll'^ll„ (4.2 



II II and II 11^ denote the corresponding norms on fl. Compactness of M implies 
the existence of some C > such that 



for all u! G Jl, yielding 



for all w G Jl and h > by (4.1). Let Ni^{\) be the spectral distribution function 



of A„/ on rj'", and let 



K{x) = Fr\x) + f3^ + F;:{x) 



be its decomposition according to Proposition 4.2 . Then 

f;[{c-^x) < F[{x) < f;[{c'x) 

for all A > /i > by i^) and the definition of Fj; and Fl^. Thus 

KiC-'X) < F^iX) < KiC^X) , (4.3) 

yielding the metric independence of the asymptotics of the X\{h). 

4.3. Direct sum decomposition of spectral sequences. In this subsection we 
consider the general setting where {Ek,dk) is the spectral sequence induced by an 
arbitrary complex {A, d) with a finite decreasing filtration 

A = Ao^ AiD ■■■ D AgD Aq+i = 

by differential subspaces. 

Lemma 4.4. The following properties are satisfied: 
(i) There is a (non- canonical) isomorphism 

= e (^"ee((i5rnmw,)e^gpS:j-^)] 

•u-fi)— r \ i ^ ^ ^ / 

(ii) The isomorphism in (i) can be chosen so that A^. corresponds to 
(e-^^ ® ({E^'^ n imd,) (B ^.^ ^ ^ 
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(iii) The isomorphism in (i) can be chosen so that the only possibly non-trivial 
components of the operator corresponding to d by (i) are the isomorphisms 



e: 



E;^" nkei di 
canonically defined by di. 






Before proving Lemma i.4, we state three corollaries that will be needed in the 



proof of Proposition 4.3 



Corollary 4.5. There is a (non- canonical) isomorphism 

El 



^fe = ^L®0 (^Inimd,) 



l>k 



El n ker di 



Proof. This is a direct consequence of Lemma 4.4. 
Let 



D 



TOfc 



dim0^ 



El 



l>k 



El n ker dp 



Corollary 4.6. We have 

dim El = ml-' + H'-iA, d) + ml 



Proof. This follows from Corollary 4.5 since each dg induces isomorphisms 

El 



El n ker df 



^^r+^nimd/- 



D 



Corollary 4.7. For r = u + v, there is a subspace L^,'^ C A^/{A^ D kerd) such 
that: 



(i) We have 






^u-\-l.v — l 



Z-rr^' + iA'-nkeid) 



A'' n ker d '' y^'^ n ker d 

as vector spaces. In particular d{Ll'^) C Al^tf.. 
(ii) The direct sum LI = ®„ i „^^ L^,'^ makes sense in A'' /{A'' D kerd), and 
have dim LI = ml. 



Proof. ^From Lemma 4.4 we get a (non-canonical) isomorphism 

A'' _ ^ e: 



A'' n ker d 



-0 



£;; n ker dt 



(4.4) 



Then let L^'^ be the subspace of .4''/(y^'' n kcrd) that corresponds to 



K" 



EJ, 



l>k 



E^'^'nkeid, 



by (4.4). Then property (i) easily follows from Lemma 4.4, and property (ii) is 
obvious; in fact, LI corresponds to 

' 



l>k 



El n ker df 



bydH). 



D 
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Remark 2. By Corollary |4.7|-(i), the canonical isoniorphisni 



(A'^nkcTd) 






7^+1.^1 — 1 

'k-1 



{AT\'kcTd) 



(4.5) 



yields 



7^+1,1'— 1 






When applying Corollary 4.7 to the L^ spectral sequence of a C°° foliation, the 
subspaces LI C domd/kerd of Corollary 4.7 will be the spaces L needed to apply 
Proposition 



4.3 



The rest of this section will be devoted to prove Lemma 4.4. To begin with, we 
have |2l 



So 



El" n d,{E,) 

E^^'Dkeidi 

E^" n de{Ee) 
E"^-" nkei df 



b: 



^u-\-l,v — l 



-^u~\~l,v~l 



^n+l,-;; — 1 



^i-\-l 



-^u~\~l.v~l 



B^ 



b: 



B 



u+l,v-l 



s: 



7^+1,1) — 1 



(4.6) 
(4.7) 



^i+i 



canonically. Here, isomorphism (4.7) is obvious, and (4.6) follows since 



B^" n z' 



u-i-l^v — l 



B 



u+l^v — l 



Consider the following chain of inclusions for < u < q and r = u -\- v. 



b;;'"ca: 



sr c 



^u+l 



\l+l 



■■■ca: 



Z"^" c A 



u+l 



zr^Ai. 



The inclusions in (4.8) have the following quotients: 



A^ 



B 



1 



A^ 
A^ 



B" 





B\ 


V 


Tjll + l 


ti-i 

711 


V 


r^U + l 


t)-l 

z- 


V 



_ T?U,V 
- ^OO . 



J\-,,, 



z, 



ll+l,t)-l 



(4.8) 

(4.9) 
(4.10) 
(4.11) 



where these isomorphisms are canonical because 



S: 



ci?:' 



BV n A. 



B 



lt + l,U-l 



TJU.V r- 7U,V 



u+l ^e+1 

u+l,t>-l 



/j e Li ^ ^ (^ 



Z^^ n A^_^^l — Z, 



zr^K+i 



ADIABATIC LIMITS AND SPECTRAL SEQUENCES 



23 



The direct sum decomposition in property (i) will depend on the choice of linear 
complements for the inclusions in ( [4.§| ): 



-A,, 



z:'^ - w: 



{•^u+l 



On the one hand, since the chains in (4.S) form a filtration of A^ when varying u, 
we have 



u-\-v—r \ i 



M^;-") 



(4.12) 



as v ec tor s pace. On the other hand, according to the canonical isomorphisms 

'U. 

I ' 

(4.13) 



(U), (H.iq) and (|4.1l|) , the spaces U^'" , F"'^ and W^'" can be chosen so that 



yielding direct sum decompositions 

j:}U,v tjU^v 
til — Ug 

J/U,V 



yu^v ^ z^v ^ ^u,v ^ ^u,v ^ 






B 



u-\-l,v — l 



b: 



Hence 



w: 



u: 



e+i ^ -"^-1 

i r;^U+l,V~l I r>U,V\ 

('^oo + -Doo ) 



E^'" n im df 



yu,v c^ ^n 



wl' 



e: 



K' nkerd^ 



(4.14) 
(4.15) 
(4.16) 

(4.17) 
(4.18) 

(4.19) 



byjO), {]^ and ([4.14D-(|4.16|). Therefore property (i) follows from ( [4.12D and ( fl.lTD 
Property (ii) follows from (4.12|) because 



u: 



V" 



wr c a: 



Now property (iii) is obviously equivalent to the existence of C/"'^, V^'"" and 
W"'" as above satisfying 

d {U^'") = d (F"^") = , d {W;'") = [/«+^-"-^+i . (4.20) 

The first equality of ( 4.20| ) holds by ( 4.13 ). We s hall also check that, once the W^"'" 
is given satisfying ( 4.16 ), the Ug'^ defined by ( 4.20 ) satisfies ( 4.14 ). This follows 
because d canonically induces a map 

di 



E) 



yU+l,V-l . yU,V jjU+t+l.V-l . „U+e,V-l+l ' 

which corresponds to the isomorphism dg via ( |4.7j) an d (p~q). So dg is an isomor- 
phism as well, and thus the above C/"'" satisfies (4.14) as desired. This finishes the 
proof of Lemma 4.4 
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4.4. Proof of Theorem 4.1. Assume Z^_-^'" +ZJ^'" is closed in Z^'" for all m, 



V. 



We shall need the following abstract result. 



Lemma 4.8. Let L he a real complete metrizable topological vector space, and 
V,W d L linear subspaces. If V H W = 0, V is closed in L, and W is closed 
in V + W , then V -\-W — V (B W as topological vector spaces. 

Proof. We have {V + W)nW ^W since W is closed inV + W, yielding VnW ^0 
because V (IW = 0. SoV + W — V®Wa.s topological vector spaces because 
all spaces involved are closed subspaces of L (see for instance [^2|, Corollary 3 of 
Theorem 2.1, Chapter III, page 78]). Now the result follows easily. D 

Lemma 4.9. For u + v = r, the space (Jl'^ n kerd) + ^^^i is a closed subspace of 

Z^!'" + (fl''nkerd) + fl^+i. 

Proof. The space Vf n ker d is closed in il since d is a closed operator, and thus so 
is its subspace Z^^ = rj„ n {Vf n kerd). Hence fJ"^ n kerd = V Z^" as Hilbert 
spaces, where V is the orthogonal complement of ZJJ^'" in Vl^ n kerd; in particular 
V is closed in J7 too. Obviously, 

isr n ker d) + n:;+i = y + z^"^ + ai^^ , 
zt^ + {n^ n ker d) + ni^, = v + z,"-" + n:^, . 

On the other hand we clearly have 

zr + K+i - ^u n ((f2^ n ker d) + n:+,) , 

zl'^ + ni^, = f^„ n {zl^ + in'- n kerd) + ni^,) , 

and thus Z^^ + Jl^^^^ and Zj^'^ + Jl^^^ are respectively closed in (Jl''nker d) + ri^^^ 
and Zl'" + (J7'' n kerd) + n^^j^. Therefore Lemma U yields 

{^^ n ker d) + ni^, = y ® (z^" + ni^,) , 
zt'^ + (f^"^ nkerd) + fi:;+i ^V(s{zr + n:+,) , 

as topological vector spaces, and the result follows. D 



Remark 3. In the proof of Lemma 4.9, the existence of V so that fl^ D kerd = 
FqZJ^" as Hilbert spaces is the technical difficulty we were not able to solve without 
using square integrable differential forms; that is, we do not know if fl^ n kerd = 
V(B Z"^ as topological vector spaces for some subspace V . This is the whole reason 
of introducing the L^ spectral sequence in this paper. 

Also, observe that the formula of Gromov-Shubin uses square integrable differ- 
ential forms. Thus it can be more easily related to the I?' spectral sequence than to 
the differentiablc one. Though this is a minor problem that could be easily solved 
in the setting of C°° differential forms. 



shall use the notation 






x; = 0f]-^--. 


Pi 


— / ^ '^a,r—a 


a<\i 




a<u 



With respect to the inner product in 17 induced by g or any g^, the space X^ is 
the orthogonal complement of J^J^+i in Cl^ , and p^ is an orthogonal projection. 

Corollary 4.10. Foru+v — r, the space p^(r2'"nkerd) is closed in p^ (Z^'" + (O'' n kerd)). 
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Proof. This follows from Lemma |4.9| since we clearly have 

{n^ n kerd) + ni^, = p^in^ n kerd) © n^^. 



as topological vector spaces. 



M+l 



pii^: 



k 



(f2'-nkerd))©f2^+i , 



D 



Recall that d : domd/ kerd ^ imd denotes the map induced by d, and let L^'" 
and L^. be the spaces introduced in Corollary 4.7 in Section 4.3 for the particular 
case of the L^ spectral sequence of !F. 



Lemma 4.11. We have 



IdClL < /i"«/^/i"+M|dC| 

\ ~ \\ h — ^ 



for all C e L^,' and < h < 1. 

Proof. This follows directly from Corollary 4.7 and ([l.l]). 



D 



Let ll'll and ||-||^ also stand for the quotient Hilbert norms on Jl/kerd induced 
by the norms ||-|| and ||-||^ on il, respectively. In particular we have the restrictions 
of ||-|| and ll'll^ to each subspace L^'^ C $7/ kerd. 

Lemma 4.12. For each subspace K C L^'^ of finite dimension there is some C"j^ > 
0, depending on K , such that 

for all ( e K and < h <1. 



Proof. Let u + v 
homomorphism 



The restriction p[^ : Z^ 



ffl'^nkerd) 



(fi'^nkerd) 



X!', induces a 



Pu 



n'' n ker d 



We clearly have 



kerp^; 






Plin^nkcTd) 

(f2''nkerd) 



rj'^ n ker d 
So p!^ induces a continuous linear isomorphism 



(4.21) 



2«,. 



(fi'^nkerd) 



'k-1 



(fl'^nkcrd) 



imp„ = 



pUZr + ("^nkerd)) 
pa"''nkerd) 



Observe that imp^ is a Hausdorff topological vector space by Corollary 4.10, and 



thus ll'll and ||-||^ induce norms on imp^ that will be also denoted by ||-|| and 



/i' 



respectively. By (4.21) and Corollary 4.7, the homomorphism p^ restricts to an 
injection p^ : L^'" — > imp^. Since pj^ is an orthogonal projection for any metric g^, 
we easily get 



IIP;CII„<IICII, foraU Ceife'' 



(4.22) 



Here, we use the norm on impj^ in the left hand side of (4.22), and the norm on 
fi/kerd in its right hand side. Observe that, by ( j4.lD , 

/i-«/2/i"||cj|| < ||cj||^ for all uJeX^ and 0<h<l, 

yielding 

/i-9/2/i^ll^ll < ll^ll,^ foraU ^eimpl and < /i < 1 . (4.23) 
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Moreover, since K is of finite dimension, imp^ is Hausdorff, and the restriction 

-r r u. 

Pu ■■ Lk 



impj^ is injective, we get the existence of some C^ > so that 
IICII<C7^lip:;CII for all C&K. 



So 



for all C G if and < /i < 1 as desired. 



by (|4.24|) 
by(p^) 

byQ) 



(4.24) 



D 



Corollary 4.13. For each subspace K C L^. of finite dimension there is some 
Ck > 0, depending on K , such that 

||dcL<CK/i'=llCIL 

for all ( e K and < h <1. 

Proof. Since K is of finite dimension, there is some constant C^, depending on K, 
so that 



|dC||<C;^llCII foraU C (^ K . 



(4.25) 



Because LJJ = ®u+v=r -^fc^ ' ^^y finite dimensional subspace K C L'^^ is con- 
tained in the sum of finite dimensional subspaces K"'^ C L^'" , u + v = r. Therefore 
we can assume K is contained in some L^'^ with u + v — r. Then, for i!^ G K and 
< h < I, we have 

lldClL < /i^'/^/i^'+MldCll , 

W ^ W h — M^M' 

and the result follows with Ck — C'j^C'^. 



by Lemma 4.11 



by (4.25) 



by Lemma 4.12 



D 



Now t he pr oof of Theorem 4.1 can be finished as follows. If ml. < cx), then 
Corollary 4.13 holds for K — L^., and thus 



n {Cih'l > ml . 



Therefore, in this case. Theorem [4. 1| follows from Corollary 4.6 and Proposition 4.3, 
If ml = oo, choose any sequence of finite dimensional subspaces Ki C LI so that 



dimiCi t oo. Then Corollary LIS gives a sequence Ci > such that 

F[{ah^'')>dimK, 



for < h < 1. Hence Theorem 4.1 also follows in this case by Corollary 4.6 and 
Proposition 4.3. 



5. ASYMPTOTICS OF EIGENFORMS 

In the whole of this section, J-' is assumed to be a Riemannian foliation and the 
metric bundle-like. 
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5.1. The Hodge theoretic nested sequence. So far we have constructed bi- 
graded subspaces Hi, 7^2 C 51, which are respectively isomorphic to 61,62 as bi- 



graded topological vector spaces by Theorem 2.1 and Theorem 2.2 -(iv). We con- 
tinue constructing subspaces TLk C rj and isomorphisms 6fc = TLk by induction on k 
as follows. Suppose we have constructed Tik and an explicit isomorphism 6fc = Ti-k 
for some k > 2. Then the homomorphism d^ corresponds to some homomorphism 
on Hk that will be denoted by dk as well. Thus Hk becomes a finite dimensional 
complex. Let Sk be the adjoint of dk on the finite dimensional Hilbert space Tik, 
and set A^. = dkSk + Skdk and TLk+i = ker Aj, = kerdfe n VevSk- We have the 
orthogonal decomposition 

Jik = T-ik+i © imdfe ® imJ^ , 
yielding 

6fc+i = H[ek,dk) = H{Hk,dk) = V-k+i , 

which completes the induction step. So {Ti.k,dk) is, by definition, some kind of 
a Hodge theoretic version of the sequence (ei, rfi), (62, ^2), (ea, ds), . . . , and thus 
of the sequence {Ei,di), {E2, ^2), {E3, ds), . . . as well by Theorem EJ and Theo- 
rem EJ2l(vii). Furthermore each A^ is bihomogeneous of bidegree (0,0), and thus 
Tik inherits the bigrading from J7, which clearly corresponds to the bigrading of Ek 
and ek- Observe that the nested sequence 

nDHiDn2Dn3DH4D ■■■ 

stabilizes at most at the {q + l)th step since so does Ek- Then its final term 
Hq+i = 'Hq+2 = ■ ■ ■ will be denoted by Tioo, and we have Eoo — Coo — Woo- 

We shall need a better understanding of the new terms Tik for k > 2. Precisely, 
we shall use the following result. 

Theorem 5.1. Let k > 3 and uj G TL^'^ . Then lo G WJJ'" if o,nd only if there 
are sequences ai — J2a>o°^i '^"•'^ ^^ ~ ^a>of^i' "where af G fiu+a,v-a ^^^ pa g 

T^u+a^v^a+ldiuJ + a^) >0 , TTu^a^v+a-lSiuJ + (3,) >0 

strongly in il for < a < k. 



The rest of this section will be devoted to prove Theorem 5T. To begin with, 
the nested sequence Tik is most properly a Hodge theoretic version of another se- 
quence of bigraded topological complexes (ei.fc, dk), which are defined as follows by 
induction on A; > 1. First, let ei^i — ei and ei_2 — H{ei) with the induced topology 
in cohomology. We have an explicit isomorphism 62 — 61^2 of bigraded topological 



vector spaces given by Theorem 2.2 -(vii). Now suppose that, for some fixed k>2, 
we have defined ei^k with an explicit isomorphism Ck — ei^k of bigraded topological 
vector spaces. Then ei^fc becomes a topological complex via this isomorphism, and 
define ei^^+i = H{ei,k)- Furthermore the composition Ck+i — H{ek) — ei_fc+i is an 
explicit isomorphism of bigraded topological vector spaces. 

Lemma 5.2. For k > I, we have a canonical isomorphism 



bk-i + bo 



(5.1) 
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of topological vector spaces. Moreover, fork > 2, the above isomorphism e^'^ = e"'^ 
corresponds to the canonical map 



when applying (5.1) 





^k 


u,v ,u,v 








5.1 


)■ 







(5.2) 



Proof. The result is proved by induction on k. First, the case fc = 1 is trivial. 

Second, the kernel and the image of di in e"'" respectively are Zj'^Z&o'" and 
bi I b^ , whose canonical projections m 6]^ = ^i /bo are 

z^^b^ b, +b,' 

lU.V ' i^u.v ' ^ ' 

^0 ^0 



yielding the canonical isomorphism (5.1) for fc = 2. Since the isomorphism e"'" 



^2 



e"'2 is canonically defined, it corresponds to the canonical map (5.2) for fc = 2. 

Now assume the result holds for fc = ^ > 2 and we prove it for fc = ^ + 1 . The 
kernel and the image of d^ in e"'" respectively are z"^" /^"-"i ^^"^ b^e'^ /b^l"i, whose 
images by the canonical isomorphism ( |5.2D for k — i are 

(5.4) 



Zi+i + bo 6/ +6o' 



lU.V , lU.V ' lU.V , lU, 



These spaces respectively correspond to the kernel and the image of di in e"'J by 
(pTl|), yielding the canonical isomorphism ( pTl| ) for fc = ^ + 1. Again, because the 
isomorphism e^f^ = ^I'l+i ^^ canonically defined, it is given by the canonical map 
(O)forfc = £+1. ' D 



We shall consider each isomorphism (5.1) as an equality from now on 



For fc > 1, let Ilfc denote the orthogonal projections fl -^ Hk', in particular. 
Hi = n with this notation. Let also Pq = P, Qo = Q and, for fc > 1, let Pk 
and Qk be the orthogonal projections of ft onto dkiTi-k) and 5k{Tik)- Finally let 
Pk = J2Q<i<k P^ *^^d Qk = J2o<e<k Qe for fc > 0. 



u.v 

'■ ose com- 



Lemma 5.3. For fc > 1, Ilfc induces an isomorphism e"'^ ~> ^fe'"' ^^ 
position with the canonical isomorphism e^'" ^ e^'^ is the above isomorphism 

u.v r^ njU ' 



/U.V 



Proof. Observe that the first part of the statement means that we have an orthog- 
onal decomposition 

u.v , rU.V njU.V ^, ( lU,V . iU.v\ (r- r \ 

^k +K =^fc ©(&fcLi+^o j • (5-5) 

Again the result follows by induction on fc. We have an orthogonal decomposition 

Z{ —rli ffi Oq (5-") 



by Theorem 2T. Thus the isomorphism ei,i — e"'" — *■ Ti"'" is induced by the 
orthogonal projection Hi onto Tii. On the other hand, the kernel and image of di 
in 7i"'^ respectively correspond by this isomorphism to the kernel and image of di 
on e"'^, which are respectively given by (5.3). So the kernel and image of di in Ti"'" 

are the orthogonal projections Hi I Zj '" + &o'" ) ^^^^ Hi ( 6"'" + ^o'' ) ' respectively. 
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Hence, by definition, Tij '" is the orthogonal complement of Hi I 6^'^' + 6q '^' ) in 
Hi I Z2 '" + ^q'" ) , which is equal to the orthogonal complement of foj*'" + 6q'^' in 



Zj'" + feo'" by (5.6) since 

Thus the result follows for fc = 2. 

Now suppose the statement holds for k = £ > 2. Then, via the isomorphism 
^I'l ~* '^f '" induced by H^, the kernel and image of di in 7i"'^ respectively cor- 



respond to the kernel and image of de in e-^'^, which are given in (5.4). So the 
kernel and image of di in TQ'^ are the orthogonal projections He ( z^^^ + 6q'" J and 
Hi I 6"'" + 60'" ) , respectively. Hence, by definition, "H^fi is the orthogonal com- 
plement of H^ ( 6"'*' + 6q'" j in Hf I 2"'" -t- b^'^ J , which is equal to the orthogonal 
complement of &"'" -I- 6q'^ in z^l*^ -I- 6q'" by ( p.5[ ) for k = £ since 

0£_i + ^0 C 6^ +bg C z^_^i -K 60 C z^ -f 5o . 
Thus the result follows for fc = ^ -I- 1 . D 



Remark 4. The inverse of the isomorphism e^^'j, — > 7i^' in Lemma 5.3 is obviously 

induced by the inclusion 7i^'" ^^ z^'" -I- 6q'". So we can summarize Lemmas 5.2 
and ^^3] by saying that, for k > 2, the isomorphism e^'" = H^'^ is given by the 
diagram 

U,V U^V , J u,v 

Z. ~ Zi -\- br^ ~ 

u,v _ ^k = gU.V fc ' , = n_/U,v fr r,\ 

where both isomorphisms are canonically induced by inclusions. 

Remark 5. In general, we have z^'^ 7^ H^'^ © K-i because H^'^ ^ z^'", but the 



orthogonal decomposition (5.5) always holds. This is the reason the nested sequence 
Tik is a Hodge theoretic version of the sequence (ei^fe, dk) better than of the sequence 

(ei, di), (62,^2), (63,^3),. ..• 



The following proposition is the key result to prove Theorem 5.1. 

1.4. 

sequence ai € i^^+i' such that 



Proposition 5.4. Let uj e 'H^'^ and 7 G 7Y)^ '" /or fc > 2. // i/iere is a 



7r„+Q,t,-a+irf('^ + at) — >0 , < a < fc , 

Qk-2''^u+k,v-k+ld{L0 + OLi) >0 , IVk''^u+k,v-k+ld{uj + Ui) >7 

strongly in fJ, then dkto — 7. Moreover, in this case the sequence ai can be chosen 
so that 

Tru+a,v~a+ld{uJ + tti) >0 , < fl < fc , 

TTu+k,v-k+ld{u) + Cti) -+ 7 

with respect to the C°° topology in fl. 

The following slightly weaker result will be used as an intermediate step in the 



proof of Proposition 5.4 
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Lemma 5.5. Let 7 G 7Y^' '"" for k > 2. If there is some sequence ai £ ^^Xi' 

such that 

Tru+a,v-a+idai — >0 , < a < fc , 

Qk--2Tru+k,v~k+ldai >0 , UklTu+k.v-k+ldai — >"f 

strongly in Jl, then 7 = 0. 



Both Proposition 5.4 and Lemma 5.5 will be proved simultaneously by induction 
on fc > 2. For the case fc = 2 we need the following. 

— u~l.v 

Lemma 5.6. We have Il27Tu+2,v-iddil3 — for any [3 e Tii 
Proof. Write (3 = (3' + (3" with (3' e P(r2"-i^") and (3" G Q{n^''"-^). Then 
^2^u+2.v-2ddil3 = n2 (d2,-i (di,o/3' + 4,1/?") + rfi.oQ (^2,-1/3' + di,o/3")) 
= n2 ((d2.-idi,o + di^od2,-i) /?' + (d2,-ido,i + d?,o) /^") 

- n2di,on (d2,-i/3' + di,o/3") - n2di,oP (d2,-i/3' + di,o/3") 
= - HadiH (d2,-i/3' + di,o/3") - HaPdi.oP (d2.-i/3' + di,o/?") 
= 



by (|2.2|), Lemma 2.3 and because 112^0,1 = n2di = 112^ = 0. 



D 



Lemma 5.7. Let on be a sequence in Tii such that diai — > strongly in ft. Then 

^2'n-u+2.v-idai >0 

strongly in il. 

Proof. Since the image of di is closed and equal to its kernel, the hypothesis implies 

— u—l,v 

the existence of a sequence /3i € Hi such that ai + di[3i —* strongly in Q,. On 
the other hand we have 

^2T^u+2,v-ld = 112^2, -iTTjj,!, + ^2dlfi'nii.+l.v-l 

on Til ■> ^^d thus the operator \l2''^u+2.v-id : Ti-i -^ H2 _ is bounded because 
^2,-1 and Hdi^oQ are bounded operators in J7 by Lemma 2.4. Therefore 

^2'^u+2,v~id{ai + diPi) — >0 



strongly in il. Then the result follows directly from Lemma 5.6. 



D 



Proof of Lemma 5.t for the case fc = 2. In this case we have 7 G TYj '*' and 
Q,. g f^u+i.f-i^ .^yiiich satisfy 

do.iaj — >Q , Qdi^oUi — >0 , Il2difiai — >7 

strongly in $7. Since 

Ilrfi.onaj = diHai _L 7^2 "^ > 

we get n^di^ollai ^ 7 strongly in $7. But Il2difiPai — Il2Pdi,oPai = by 
Lemma 2^, and thus we get 



^2'^u+2.v-idQai = U2dioQai 



>7 



(5.8) 



ADIABATIC LIMITS AND SPECTRAL SEQUENCES 



31 



strongly in Jl. Now observe that Qai e Tii , and 

diQui ~ Iiu+i,vdQai = rfoaQaj + Qdi^Qai ~ do^iUi + Qdi^Ui — >0 



because dp iQ — do,i Sind by Lemma 2^. Then the result follows by (5^) and 
Lemma 5.7. D 



Now let ^ > 2 and assume that Lemma 5.5 holds for 2 < k < £. If ^ > 2, assume 
also that Proposition 5.4 holds for 2 < k < £. 

Proof of Proposition \5.^ for k — l. First, we check that the assignment uj 



7, 

under the conditions in the statement, defines a map Ti"'" — > 7i" ''"~ — observe 
that, if such a map is well defined, it is obviously linear — . Suppose there is another 
7' G T^£ '" and another sequence a[ S ^^+1 such that 

TTu+a.v-a+lda'^ — >0 , < a < £ , 

Qe~2''^u+e,v~e+ida'^ — >0 , Uenu+i^v-i+ida'^ — >j' 
strongly in Jl. Then the sequence a^ — a^ G ^u+i satisfies 

TTu+a,v^a+id{ai - a'^) — >0 , < a < £ , 
Qi-2'^u+e,v-i+idiai - a'i) — »0 , UiTTu+e^v-i+idiai - a^) — >7 - 7' 



strongly in Jl. Therefore 7 = 7' by Lemma 5.5 for the case k 



Second, we prove that the above map Tig' 



Ti^~^ '" "*" is de; i.e., for each 



uj e H"'", we prove the existence of a sequence ai G ^u+i ^^ch that 

Tru+a,v~a+ld{uJ + «,;) — >0 , 0<a<£, 

Qe-2T^u+eA,-e+id{uj + a^) — >0 , 
^iTru+e,v-i+id{iLi + ai) — >diuj € 7^"+^'""^+^ 



(5.9) 
(5.10) 
(5.11) 

strongly in Jl. According to ( ^.7[ ), for each uj e H"'" there is a sequence uji G z^'" 
converging to io with respect to the C°° topology and such that uj and all the Ui 
define the same class ( e e"'J; thus all the uji define the same class ( G e"'^. By 
definition of z"'", there is another sequence ai G ^u+i such that tOi + ai G Z"'". 
So all the uji + ai define the same class f G E^'^ , and the class dg^ G E"^ '" is 

defined by any of the forms d{u}i + ai) G Z^ '""' . Thus 



Tru+a,v-a+ld{uJi + Ui) = , < O < 



and any of the forms 



Tru+e,v-e+id{uji + Qfi) G z^ 



u+i,v-£+l 



define the class d^C G e^ '" a-s well as the class d^C G e"^ '" , yielding 

TTu+a.v-a+ldiuJi + ai) = , < a < £ , 

Qe-2'^u+i,v-e+id{uji + aj) = , 
^eTru+i,v-i+id{uJi + ai) — diU) G 7Y" '" 



independently of i. Then (5.9)-(5.11) follow by the C°° convergence tOi —i- uj, as 
desired. 
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Finally we prove the last part of the statement. Observe that, in fact, the above 
arguments yield C°° convergence in ( |5.9| )-( pTll ), and also the C°° convergence 

For each i, take a] £ Qi(f7"+^-i^^'-^+i) satisfying 

^idififj} = PiTTu+e,v-i+id{uj + at) , (5.12) 

and take af e Qo(f^"+^'""0 such that 

do,io-° + Podi^oal - PoiTu+i^v-i+idiuj + a^) — >0 



with respect to the C°° topology, li i > 2, for each i and m — 2, . 
some crj" e Q™(J7"+^-'"'''-^+™) such that 

drncr^ — PmT7u+e,v-e+id{uj + ai) . 



(5.13) 
1 take 



By Proposition 5^ for fc < £ there are sequences t™ e ^u+e-m+i such that 

7r„+£-m+Q,i,-f+m-a+ld(crr + "^i"} ) *0 ) < fl < m , 

7r«+^,t,-£+irf(o'7' + T™-) >P,„7r„+£^t,_f+id(a; + a^) 

with respect to the C°° topology in fl. Then, for each i, m we can clearly choose j 
depending on i, to so that t™ — r™ satisfies 

'^u+£~m+a,v-e+m-a+ld{aY^ + T™) >0 , < fl < TO , (5-14) 

7r„+£,t,-«+id(cr-" + T™) - P™7r„+£^i,_f+i(i(w + a.,) >0 (5.15) 

with respect to the C°° topology. Let 



Pi = Cli 



a}- 



E 

m=2 






where the last term does not show up if £ = 2. From ( 5.12| )-( p.l5 ) we get 

7r„+a,t;-a+lrf(^i + ft) *0 , < fl < ^ , 

Tru+e,v-i+id{u}i + j3i) — xiiLo 
with respect to the C°° topology in 17, and the proof is finished. 



D 



We already know that both Proposition p.4| and Lemma p.h\ hold for k < £, and 
we have to prove Lemma 5.5 for fc = £ + 1. The arguments will be similar to the 
case k = 2, and thus we need an appropriate version of Lemma 5.7. In particular, 

— u^v 

the generalization oiTii that fits our needs turns out to be the following: 

Hf '" = Po(^"") © 17"+'^^"-'^ © Qf_i(r!"+^^"^0 . 

0<a<£ 
— ■,'(; ^^ — u,v — — u,v 

Let also H^ = 0„ H^ . We have orthogonal projections Ile-u,v : fl ^ Hg and 
Ili-.^v : fl — >H£ given by 



o<a<e 



and let dg = H^.. ^d : H 



'He 



Lemma 5.8. We have dj — 
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Proof. Consider the following subspaces of $7"+" : 



B-^^ = B^^^ + n:ll = br®n:ll 



u+e,v-e 



First, observe that each 7i^ is the orthogonal complement of yl^_j^' ^ in S''^*', and 
thus Hg is the orthogonal complement of A'^Zi = 0q A^"^^ in B'^"" — 0^ B"-^^ . 
So the inclusion Tig ^-^ B''" induces an isomorphism of topological vector spaces 

nT ^B^/A;!'' (5.16) 

whose inverse is induced by the orthogonal projection n._„ : B'"" — > Ti.^ . Second, 
observe that both B^^^ and A'^Zi are subcomplexes of {ft, d). Moreover dg in Hi 
clearly corresponds to the differential map in the quotient complex B''"" /A^^^ via 
( 5.161 ), and the result follows. D 



Since HiTil , di) = 0, the following two lemmas generalize Lemma 5.6. 
Lemma 5.9. For any 

/3 e f7"-i+'^.''-« + Q^_i(f]"-i+^'''-^) 

we have 

T\i+iTTu+t+i,v-f.dXii-^.,vd(3 = . 

Proof. By the expression 
a<e. 

a<i 

it is enough to consider the following three cases. First, assume /? e ^a<e 0"^^+°'"^" 
and let (3' = 'Ku+i-2.v-i+iP- We clearly have 

[d - n£,,„d)/3 = (id -0£-i)rf2,-i/3' = (Qe + n,+i + P,)d2,-i/3' , 
yielding 

^i+iT^u+i+i.v-idlig.. ^ydp = -I{i+iiTu+i+i,v~td{Qi + n^+i + Pe)d2.-iP' 

= -Ui+idi,o{Qe + He+i + P<>)d2,-i/3' 

= -n,+idi(g, + n,+i + a + • • • + Pt)d2^-ip' 

- \li+idiflPad2-il3' 
= 



by Lemma 2.3, and because H^-i-iofi == and H^-i-iPo — 0. 

~u+l-2,v-l+l 

Second, suppose P G Hi and write p — l3 + (i with 

(3' e Po{Vi^+'^-^^''-^+^) , (3" e Qo{Vi^+^-^^''~^) . 

We clearly have 

(n,,,„d - Ji)/3 = (J, - di)/3 = (Qi + . . . + Q,_i)(d2,-i/?' + (ii,o/3") 
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yielding 

^£+iT'u+i+i,v-edIlt,-,vd(3 = Ue+iTTu+i+i^v-eddiP 

+ n,+idi,o(Qi + • ■ ■ + Qi-i){d2,-iP' + di,o/3") 
= ^e+i^2'^u+i+i,v-iddif3 
+ n,+idi(Qi + • • • + 0,_i)(d2,-i/3' + di,o/3") 



by Lemma 5.6. 

Third, assume /3 e (Qi+- • •+g£_i)(f7"+^-i'^-'^), which is contained in H"+'^~^'""^ 
Then the result follows because ILg-.,vd = Ile-.,vdi on H'{^~ , and 

Lemma 5.10. For a G H.^ , if d^a = 0, then Ylij^i'Ku+t+i.v-ida = 0. 
Proof. Write a = a' + a" + a'" with a' e P^{VL'^^'"), a" G r2"+i'"-i and 

2<a<t 

Observe that a' + Qoa" e Tij^" . Since dga — and di — Ili-.^di on Tij^" , we 
have di{a' + Qoa") = 0. Thus there is some /3 £ Hi with di/3 = a' + Qoa" 
because H[Hi , di) = 0. Then a — d^/? e H^ satisfies 

'n'u,v{a - di(3) = Qo7ru+i,t,-i(a - d^/S) = , 
and moreover 

^i+iT^u+e+i^v-eda — Ili+iTTu+e+i,v-^id{a — d^/3) 



by Lemma 5.9, Therefore we can assume a' + Qoa" — 0, and thus a' = Qoa" = 0. 
With this assumption, it follows that a" = (Hi + Po)a" and 

dillia — nidi^oHia = nidi.oa = IliTru+2.v-ida = Ilinu+2,v-idia = 



by Lemma 2.3, yielding Qia" = 0. 
Take a sequence 

such that do^i(f)i is C°° convergent to Poa ■ Then the sequence a — dt(j)i G Tif^ 
satisfies 

^i+iTTii+i+i,v-ida = Ile+iTr.a+i+i,v-ed{a - di(t>i) 

— *'ni+iT:u+e+i,v-ed(nia" + a"') 

by Lemma |5.9| . So 

n^+iTTji+f+i^tj-fda = Ile+iTTa+e+i,v-ed(Ilia" + a"') , 

and thus we can also assume Poa" = 0. 

For each k = 1,. . . ,£ - 1 there is some ct'' G Qfc(Jl"~''+^'''+''~^) with dfccr''' = 
Pka". As above, from the existence of such a cr^ we can assume Pia" = by 
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Lemma 5.9 since di = nu^v-i^idi on Ti^^' 



li £ > 2, by Proposition 5.4 for 



k — 2, . . . ,i — I there is a sequence t/^ g f^^tm+2 such that 

T^u-k+a+l.v+k-a-ld{<7'' + T^) >0 , < fl < /c , 

7r„+i,„_irf(cr'^ + rf ) >Pfea" 

with respect to the C°° topofogy in Vt. We can thus suppose Pua" — for such a 
k because 

^i+i''^u+e.+i,v-i<Sli-. ,vd{a + Tj ) = 
by Lemma |5.9| . Therefore 

£-1 

a" e H,"+^'''-^ ® Ofe(r!"+i^"-i) , (5.17) 

where the last term does not show up if ^ = 2. 
Now the condition dia = can be written as 

T^ii+i+a^v-adia" + a") = Qt-i'rru+i+i,v-td{a" + a") = , < a < £ . (5.18) 



Observe that ( 5.18 ) summarizes the conditions of the first part of Proposition ^^ 
for k = 2,...,^, with to = a", the constant sequence Ui — a"', and 7 = if 
2<k <l. Since a" G 71:2+^'""^ by ( |5l7|), w e get inductively on fc = 2, ...,£- 1 
that a" e 7^^!+^'""^ and dfea" = by (Ml), (|5.18|) and Proposition |!|. Hence 
/«+!,«-! i^y (|5j^)^ and thus 



a" G H, 



n£7r„+£+i_„_£da = n£7r„+f+i_„_£(i(Q;" + a") — dia" ± He+i 



by (5.18) and Proposition 5.4 for k — £, and the result follows. 



D 



We also need the following Hodge theory for the complex {Hi ,di). Let 5e — 

Hi-.^v^ on Til , and set Dg = d^ + 5i and A^ = D| = 5idi + d^J^. Such a 5i is 

adjoint of d^ in T-i^ with respect to the L^ inner product, and thus D( and A^ are 

symmetric unbounded operators in the L completion L li.^ . 

~ „ — ,f 

Lemma 5.11. The operator Di is essentially self-adjoint in L Tif . 

Proof. By Theorem 2.2 in |1^, D = d + S is essentially self-adjoint in fl. Then, by 
using e.g. Lemma XII.1.6-(c) in [|5J, so is Ile;-,vD^t,-,v because Tle^.^v is a bounded 
self-adjoint operator on fl. But Hi-. ^^ Dili-. ^y is equal to D^ in L T-Cf and vanishes 
in its orthogonal complement. Hence De is essentially self- adjoint. D 



Lemma 5.12. Dlli-.y — Ile-.^yDIli-.y defines a bounded operator on fl. 
Proof. We have 

DIle..,y - Ui..^yDIle..,y = Po(<5-i,o + <^-2,i7r.,i,-i) + S-2.iTr-.v 

+ {Hi + Pt-l){dlfiTT.,y^t + rf2,-l7r.,t,-f+l) 

But ^ ^ 

Pa^-ifiT^-.v = Po^-ifiPaT^^v , Podi^QiT.^y-i — PodifiPo^n.^y-i 



on Til . Then the result follows by Lemma 2.4-(i). 



D 
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For each positive integer r, define the norm || • ||J, on TL^ by setting 

(id+5,)>|| , 

, — ■ ,v — ■ ,v 

and let W Ti^ be the corresponding completion of 7i^ . Then the following result 
follows directly from Lemma ^.12 , 



Corollary 5.13. The restriction of each rth Sobolev norm \\-\\r to Ti.^ is equivalent 



to the norm 



li;. Thus W'^Hi IS the closure of Hi in W'^Q. 



Corollary 5.14. The Hilbert space L Ti.^ has a complete orthonormal system 
{(pi : i — 1,2,...} C Ti-i , consisting of eigenvectors of Ai, so that the corre- 
sponding eigenvalues satisfy < Ai < A2 < • • • with Ai t 00 if dim Tii = 00; 
thus all of these eigenvalues have finite multiplicity. We also have the orthogonal 
decomposition 

Til = (ker di n ker Si) (BiradiO im Si , 

with 

ker Af = ker dg D ker 6e , 

im Ai = iradi (S im dg , 

ker di = (ker dg n ker Sg) ® im d^ . 

ker 6g = (ker dg n ker 5g) ®vc[\5g . 



Proof. Corollary 5.13 implies that each inclusion W'^^Tig ^^ W^Hg is a compact 

— -.v — -.v r\ 

operator, andH W^Tig = Tig . Then the result follows by Proposition 2.44 in [^ 
and Lemma 5.11. D 

— -^v ~ ^ — -,1)- 

Contrary to the case of [Hi , di), it may easily happen that the complex [Hg , dg) 
has non-trivial cohomology. But we still can finish the proof of Lemma |5.5[ 



Proof of Lemma 5. L for the case k — I -\- 1. Observe that the strong convergence 

'Ku+a,v-a+ldai »0 , < fl < £ , 

Qi-i''^u+i+i,v-idai — >0 

in Q, just means the strong convergence dgIig-^u,vCti -^ 0. Write Iig-M,vCti — 4>i + ''Pi 
with (j)i G kerd^ and ^i € 'vai5i, according to Corollary 5.14 . Then dgtj)i -^ 
strongly in J7 by Lemma 5.8, yielding ipi ^ Q strongly in Q, by Corollary ^.14 . 
Moreover 



n^+iTT- 



+iTtu+e+i,v-e 



da,. 



^i+i''ru+e+i,v-idllg-u,vai — Ug+iTTu+e+i^v-edipi — >0 



,v-e 



Ti-'g^i is continuous with 



by Lemma 5.10 and because any linear map Tig 

respect to the L^ norms since Hg+i is of finite dimension. Therefore 7 = as 

desired. D 



This finishes the proof of Proposition 5.4, which has the following consequence. 
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Corollary 5.15. Let uj G 7Y)!'" and 7 e ?i^' '" for k > 2. If there is a 

sequence A € ®a>o ^""'''''+° such that 

'n-u-a,v+a-lS{LJ + Pi) — >0 , 0<a<fc, 

Pk-2T^u~k,v+k-lS{uJ + Pi) >0 , UkTTu-k,v+k-lS{u) + Pi) >7 

strongly in fl, then SkW — 7. Moreover, in this case the sequence Pi can be chosen 
so that 

T^u-a.v+a-lS{uJ + Pi) >0 , < a < fc , 

''^u-k,v+k~l5{uj + Pi) >7 

with respect to the C°° topology in 51. 

Proof. We can assume that M is oriented by using the two fold covering of ori- 
entations with standard arguments. Then it is easy to check that the Hodge star 
operator, • : 51 ^ 57, satisfies -kTik = "Hk, and -kdk = {—l)^^^6k* on 7i^ for each 
integer r. Then the result follows from Proposition 5.4. D 



Now Theorem 5.1 follows directly from Proposition 5.4 and Corollary 5.15 by 
induction on k. 

5.2. Estimates of the rescaled Laplacian. The rescaled Laplacian A^ is the 
square of the "rescaled Dirac operator" D^ = d^+Sh, which will be used here too. 
The sum of (T6) and (L7) gives 

Dh = Do + hDi_ + h^F , (5.19) 

where 

-Do = c?04 +(^0 -1 , D± ^ di^Q + S^i^o , F ^ d2-i + 6^2,1 , 
Let also A^ — D\. 

Lemma 5.16 (Alvarez-Kordyukov y. Remark 3.5]). There is a zero order differ- 
ential operator B on Q such that 

D^Do + DqD^ = BDo + DqB* . 



Proposition 5.17. There is some C > such tha^ 

Ah > ^Ao + h^A^ - Ch" 

for h small enough. 

Proof. Consider the operators B,F given by Lemma 5.16| and ( 5.1£ ). Since B,F 
are of order zero, there is some C" > such that B*B, F^ < C . Because Dq is 
symmetric, we get 

ft.|((SDo + £'oS*)tJ,w)| < 2h\(pQijj,BiJ)\ 

< 2h\\DQUj\\ \\Buj\\ 

< -\\DaUjf + 4h^\\BLjf 
2( ( -Ao + 4:h^B*B I uj,uj 



"Recall that, for self-adjoint operators A, S in a Hilbert space H, the inequality A < B is 
defined in the sense of quadratic forms: {Au, u) < {Bu, u) for all u a H. 
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for all w e fi, yielding 

h \BDo + DoB*\ < Ao + h^B*B < Aq + C'h^. 
Similarly we get 

\FDo + DqF\ < Ao + F2 < Ao H 
\FDi_ + D±F\ < Aj_ + F'^ < Ao 



C", 

hC". 



Therefore, from (5.19) and Lemma 5.16 we get 

A^ = Ao + /i^A^L + h^F"^ + h{BDo 



DoB*) 



h^DoF + FDo) + h^D^F + FD±) 



> Ao + h^A_ 
- h^ (Ao + C") - h^ (A 



h^C - ^Ao - C'h^ 



C) 



1 ^ 
>2Ao 



1 



h^A, -Ch^ 



for some C > and all h small enough. 

Proof of Theorem ^. In the case k — 1, ( |1.9D just means {Ahi^i,i^i) 
fore 



D 
0. There- 



-Ao + -h^^A 
2 2 ' - 



Ch- 



Ui.UJi 



by Proposition 5.17. Hence 



{Aouii,u!i)- 



>0 



(5.20) 



and {A±_LjJi,u}i) is uniformly bounded since both Aq and Aj^ are positive operators. 
It follows that LOi is uniformly bounded in IF'^fi. Therefore some subsequence of w^ 
is weakly convergent in W^Vt (and thus strongly convergent in 17) to some oj e M^^il. 
From ( 5.20| ) we also get that ||Z?o'^i|| ^0. So DQUJi -^ strongly in 17, yi eldin g 
ijj e kerDo because Dq is a closed operator in O. But kerDo = L^Tii by ( 2.11 ). 
Thus the result follows for k ~\. 



\\5h^uJ^\\ e o{hi) 



For fc = 2, it follows from (|L9|) that 

||d/i,wi|| e o{hi) 

yielding that 

— (io,i + din + hid2-i I Wj — >0 , 



— (5o.-i + (5-1,0 + hi5-.2, 
\hi ' 

strongly in 17 by ( |1.6| ) and (1.7). Hence 

n {di,Q + h,d2-i)Lu, — >0 , n ((5_i,o + ^i<5-2,i) Wj — >0 

strongly in 17 as well, and thus so does the sequence IlD±uJi. Then 

DiHuji = nD±_nuji = nD_i_uj, - nD_Liiuj,, — >q 



strongly in 17 by Lemma 2.4-(i). It follows that lu e kcrDi because Di is a closed 
operator in L^Hi- But kerDi = 7^2 by Theorem ^.2[ -(iii), and the result follows 
for fc = 2. 
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For the case fc > 2, we can assume loi e fi'' and w G TC^'^ for some integers 
u + V — r. Let w° — T:a,r-a^i for each integer a, and set 



/ \ ^ L— a u-\-a If \ ^ I,— a u — a 



a>0 



a>0 



Now, by Theorem 5.1, the result follows from the following claim. 
Claim 1. For < a < A:, we have 

''^u+a,v-a+lduJ^ >0 , T^u-^a.v+a-lSuj.^ >0 , 

strongly in il. 
Clearly 



^iSu'i = 5o,-i^r 



Thus both of these components converge strongly to zero because uj G LF'Tii- 
To prove Claim ^ for other bihomogeneous components observe that, again from 



(1.9), both lld/i^a-iill and ||(5/i;Wi|| are in o{h^ ). Then 



/i^d2,-iti^. 



fc-2 



hidi,oUJ] 



6-1 



do.i^i e o(h 



k-l^ 



|i,2r h+2 I I r h+1 , r b\\ ^ { uk-l\ 



(5.21) 
(5.22) 



for every integer 6, by considering bihomogeneous components of dh^uji and Shi^Oi 
Now 

TTu+i.vduj'i = difiuj'i + h^^do.iu"^^ , 



Both of these components strongly converge to zero in ft too by (5.21) and (5.22), 
since so does /iid2,-iw"~^ and hiS-2,i^]'~^^ because ci2,-i and S-2,1 are of order 
zero and ||a;i|| = 1. 

The other bihomogeneous components of duj[ and Slo" are the following ones, 
where a > 2, 

_ 7 / u—ci-\-'2i u+a — 2 I L— a+1 7 u+a — 1 , t,— a 7 u+a 



7I'«-a,i;+a-l<5Wj" = /l, 



'a+2i 



-2,1^. 



u— a+2 



-a+1; 



c u — a-\-i I t,— ac 



which strongly converge to zero in fl for a < fc by ( 5.21 ) and ( 5.22 ). This finishes 
the proof of Claim ^ D 

Proof of Theorem [4|. First, we can assume the metric is bundle-like by (4.3). So 
we can apply the results of this section. 

If we had a strict inequality "<" in (1.3) for some fc > 2, by the isomorphism 
T-i][ = El there are sequences tUi G fi'" and hi \, such that \\uji\\ ~ 1, uji _L Hk, and 

But then we get a contradiction by Theorem y[ So inequality ">" holds in (1.3) 
for all fc > 2. 

The proof of ">" in (1.2) follows with the same arguments since El = Hi, which 
is of finite dimension if and only if so is L^Hi- 

For fc > 2, inequality "<" of (1.3) in Theorem W follows directly from Corol- 
lary 4.2 and Theorem |3. 4 as was pointed out in Remark H. 
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Now observe that, for each h > and each u G 'H\, we have 

DhLo = hD±uj 



h^Fuj 



according to (|5.19| ). Therefore the inequahty "<" in (|l.2| ) follows from the isomor- 
phism TUi = El by using the well known variational formula NJ^{X) — supy diml^, 
where V runs over the subspaces of Cl^ satisfying 

(A^w,w)<A||a;f 

for all iveV. D 

6. Forman's nested sequence 

This section is devoted to the proof of Theorem ^. Thus let JF be a Riemannian 
foliation of dimension p on a closed manifold M. We need the following character- 
ization of io2, which is weaker than (1.11) for k — 2. 



Claim 2. A differential form uj £ fl is in ^2 if and only if it has extensions 
U}i{h),uj2{h) G i^[h] satisfying 

dhCjiih) e h^n[h] , 5hi:!2{h) e h^n[h] . (6.1) 

the "if" part of Claim |. We can 



According to (1.11), it is enough to prove 
assume 

uji{h) = u! + huji , (1)2 (/i) = a; -I- huj2 
for some uji,uj2 S ^ because dhih'^^ih]) and 5h{h'^^[h]) are contained in h'^il[h]. On 
the other hand, since SJ2 is a bigraded subspace of fi, we can suppose oj £ fl'"''" for 
some u,v. Then it easily follows from (6.1) that uji € Sl"+^'^^^ and uj2 G $7"^^'"+^. 
Furthermore we can assume Sq^^ilui = do, 1^2 = by Theorem 2.1. Hence the 
extension 

uj{h) — u) + h{u)i + UJ2) 
of CO is easily seen to satisfy ( |1 . 1 1| ) for k — 2, and thus uj £ Sj2, finishing the proof 
of Claim | 

The statement of Claim H seems to hold also for Sjk with k > 2, but the proof 
can not be so easy. 



By Theorem|A|and (pTI^), we have jq^'P ^ Ti"'^ = 0if£;2'^ = 0. Therefore we can 



assume E^^ ^ to prove Theorem O. According to pi] and 0, this assumption 
implies that T is orientable and E2^ = M. So 7^2'^ = M by Theorem |^ and thus 



either ^^f{g) = or ^^f{g) = H^ig) by (|rT|) 



Recall from [pl| that the characteristic form, determined by J- and a metric g 
on M, is the unique differential form x G ^"'^ whose restriction to the leaves is the 
leafwise volume form. If g is a bundle-like metric, then (5o,-i corresponds to the 
leafwise coderivative by restriction to the leaves |g], |^, yielding <5o,-iX — 0, and 

thusxGiO?'''(5)- 

To prove Theorem 0-(i) just choose the bundle-like metric g so that rfi,oX — 0, 
which can be done by using Sullivan's purification |34| (see also |24 and g]). Hence 



X € ^rig) by Claim|, yielding ^Yig) ^ 0. 

To prove Theorem p-(ii), let us begin with a bundle-like metric g satisfying The- 
orem 0-(i), and the corresponding bigrading of Vt and decomposition of d and 5 as 
sum of bihomogeneous components. The hypothesis ^{^ ^ means that do,i^°'^~^ 
is not closed in 17°'^, and thus we can take some a £ do,i^°^^~^ \ do,iO°'P~-^. Take 
also some e > small enough so that X + ^^^ ~ Ix for some positive function 
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/. Therefore x' = fx is the characteristic form of some bundle-hke metric g' 
on M. Such a g' can be chosen to define the same bigrading on il as g, yield- 
ing the same decomposition of d as sum of bihomogeneous components. We have 
X' G ^I'^ig') — T^'i'^ig')- Moreover, since a defines a non-trivial class 

and since H°{of) = H°{Qf) = by Theorem [2^ (vi), we get 

So 

di.ax' = di.oix + ea) = ec?i,oa e doaf^i^o \ ^0,1^^^'° , 
yielding x' G ^^'^ \ i3^'^(5')- Therefore ^^'^ig') + H^.'^ig'), and thus Sj'.'^ig') = 0. 
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